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PEEFACE. 



The foUowing pages have been drawn up chiefly 
with the object of facilitating self-instruction in 
the principles of Navigation and of Nautical As- 
tronomy. Designed for the use of all parties in- 
terested in navigating ships, they are especially 
adapted for those who have to rely on their own 
exertions for the knowledge which they may re- 
quire. 

The theory of Navigation is treated concisely 
and familiarly. When that is learned in con- 
nexion with the rules derived from it, the sub- 
ject assumes a more attractive form, and retains 
firmer hold on the mind. 

By means of a few practical rules, the atten- 
tion of seamen is drawn to the importance and 
method of correcting the compass for the local 
deviation arising from the effects of the induced 
magnetism of the iron on board. The examples 
under each rule have been added at the suggestion 
of several naval instructors, who have thought that 
a series of easy examples would tend to familiarise 
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their pupils with the rules ; and in order still, fur- 
ther to meet their wishes, additional copies of this 
part of the book have been struck off and bouild 
in a separate volume, with a view to its adoption 
as a class-book. 



Sept 10, 1849. 



PROBLEMS 



IN 



ASTRONOMY, SURVEYING, AND NAVIGATION. 



When a line joining any two points in space is ac- 
cessible throughput its whole extent, it may in ge- 
neral be measured by the successive application of some 
line of a known length ; but when it is inaccessible, or 
cannot be directly measured, we may obtain its length 
by considering it the side of a triangle, if we already 
know, or can find by observation, a sufficient number of 
parts of the triang^f to enable us to apply one or more 
of the rules of Plane Trigonometry. It is thus that the 
mensuration of inaccessible lines of any length is found 
by means of that of accessible lines and angles. 

..,.„^^ ^^^^ The angle DOC. 

^ ~ contained by lines 

drawn from a point, 
O, to two remote 
objects, C tmd D, 
may be measured 
by placing a circle in the plane passing through the two 
objects, and having its centre at the angular point, O : 
the straight edge of a ruler being then placed on the 
circle so as to pass through its center, and, by means of 
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Bights placed over it, directed first to one object and 
then to the other, the arc, AB, of the circumference be- 
tween the two positions of the ruler can be found ; this 
is manifestly the measure of the angle O. 

The principal instruments for measuring angles are 
the theodolite and sextant. A Theodolite is the most 
convenient instrument for measuring horizontal and 
vertical angles : it is composed of two circles having 
their planes perpendicular to each other. When the 
instrument is used, one of the circles is placed in a hori- 
zontal plane, by means of levels ; on this circle horizon- 
tal angles are measured; on the other are measured 
vertical angles, whether of elevation or depression (that 
is, whether the object is above or below the horizontal 
line). A Sextant is employed to measure angles con- 
tained in any plane whatever. It is more suited for 
observing angular distances of heavenly bodies than the 
theodolite ; but the latter is better adapted for Survey- . 
ing than the former, since it determines the horizontal 
angles at once; but those observed with the sextant 
mustv when out of the plane of the horizon, be reduced 
to that plane by calculation, to suit them to the pur- 
poses of the survey. In order to apply the rules of 
Spherical Trigonometry to the solution of astronomical 
problems, such as finding the latitude or hour-angle of 
a heavenly body, it is necessary to conceive the required 
arc or angle to be a part of a spherical triangle, two 
other parts of which are previously known by means of 
the Nautical Almanac or otherwise ; a third part is 
usually found by observing with the sextant the alti- 
tude of the heavenly body above the horizon, or its an- 
l^lar distance from some other body, according to the 
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nature of the problem ; we thus obtain sufficient data 
for computing the value of the part required. 

We will not stop to give particular descriptions of 
the theodolite and sextant: their construction will be 
best learned by a careful study of the instruments them- 
selves ; we shall therefore suppose the manner of adjust- 
ing and applying them to practice is known, and proceed 
to give a collection of problems which they enable us to 
solve. 



SECTION I. 

PROBLEMS IN SURVEYING, BTC« 

[!]• (Fig. 17.) On the opposite bank of a river 
to t^at on which I stood, is a tower known to be 216 
feet high ; with a pocket sextant I ascertained the angle 
between a horizontal line drawn from my eye (supposed 
to be 5 feet above the ground) and its top to be 4 7° 5 6'; 
required the distance across the river, from the place 
where I stood, to the bottom of the tower. 

Ans. 190-4 feet. 

[2]. (Fig. 53.) BDC is a straight line to which 
AD is perpendicular; AD is 100 feet high, and subtends 
an angle at B=36^48', and at C an angle = 54^^30'; 
find the length of the line BC. Ans. 205 feet. 

£3]. (Fig. 17.) A field is in the form of a right- 
angled trian^e, whose base is 200 feet, and the angle 
at the base is 67^; how long will a man be walking 
round it at the rate of 4 mUes an hour ? 

Ans, Smin. 21*6 sec. 
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[4]. (Fig. 53.) C and B are two places 100 feet 
apart, and A is a point equally distant from C and B ; 
what must be the distance of the point A that the angle 
BAG may be 160° ? Ans. 5177 feet. 

[5]. (Fig. 18.) A May-pole being broken off by 
the wind, its top struck the ground at 15 feet distance 
from the foot of the pole ; required the height of the 
whole May-pole, supposing the length of the broken 
piece to be 39 feet. Ans. 75 feet. 

[6], (Fig. 19.) A ladder 36 feet long may be so 
placed that it shall reach a window 30*7 feet from the 
ground on one side of the street, and by only turning it 
over, without moving the foot out of its place, it will 
reach another window 18*9 feet high on the other side. 
What is the breadth of the street, and the angle of ele- 
vation of the first window above the second } 

Ans, Breadth of street 49*44 feet. 
Angle of elevation 13^25'. 

r7]. (Fig. 17.) From the bottom of a tower, a 
distance AB = 50 yards is measured on a horizontal 
plane, and at A, the angle BAG is found = 25° 17'; 
required the height of the tower BG. 

,Ans. 23*6 yards. 
2d, When AB=12:}^ and BAG=45°. ,, 12i „ 

[8]. (Fig. 20.) To determine the distance of a 
ship at anchor at G, I measured a straight line AB= 1000 
yards on the shore, and observed the angles GAB=32°10' 
and GBA=83°18'; required the distance of the ship 
from A. Ans. llOO'l yards. 

2rf, When AB=2-5 miles, GAB=80°, GBA=50°. 

Ans. 2*5 miles. 

[9J. (Fig. 20.) Two ships sailing in company. 



PROBLEMS IN SUBYBTING.' 5 

in order to determine nearly their distance from an ob- 
ject, C, on the shore, are separated from each other two 
nautical miles, AB; the angle is then. observed 'from 
each ship between the object and the other ship ; at A 
the angle is 85° 10', at B it is 82^45'; required the dis- 
tance of each ship from the object. 

Ans. 9-478, and 9*52 miles. 

[10]. The base of an isosceles triangle is 120 feet, 
and the vertical angle 47°; find the sides. 

Ans, . Each side 150*5 feet. 

[11]. (Fig. 17.) The two sides, AB and BC, of 
the right-angled triangle ABC are 18 and 24; find the 
length of the perpendicular drawn from the right angle 
upon the hypothenuse. Ans, 14*4. 

[12]. (Fig. 21.) To determine the height, AB, 
of a tower inaccessible at the base, two stations, C and 
D, are chosen in a horizontal plane, so that a plane 
passing through the three points A, C, and D, is perpen- 
dicular to the horizon; the distance CD =100 yards, 
and the angle ACB=46° 15', and BDA=31° 20'; re- 
quired the height AB. Ans. 145*9 yards. 

2d, When CD=300 yards, ACB=58°, and BDA=32°. 

Ans. 307 4 yards. 

[13]. (Fig. 21.) From the decks of two ships at 
D and C, 880 yards asunder, the angle of elevation of a 
cloud at A on the same point of the compass from each 
is observed ; at D the angle is 35°, at C it is 64°; required 
the height of the cloud above the surface of the sea, the 
deck of each ship being supposed to be elevated above it 
21 feet. Ans. 942*6 yards. 

[14.] A tower subtended 39° to an observer sta- 
tioned 200 feet from the base ; find the height, and also 
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the angle it will subtend to an obserrer at 350 feet from 
the base. Ans. Height, 162 feet -, angle 24° 5(y. 

[15] (Fig. 20.) To determine nearly the dis- 
tance between two ships at sea, I carefully observed the 
interval of time between the flash and report of a gun 
from each, and measured the angle which the two ships 
subtended. The intervals were 4 seconds and 6 seconds, 
and the angle observed :=48° 42^; required the distance 
of the ships (the Telocity of sound being supposed to be 
1142 feet in a second). Ans, Distance 5147*9 feet. 

2d, When the intervals are 10 seconds and 5 seconds, 
and observed angle 60°. Ans. Dist. 9889'8 feet. 

[16]. (Fig. 21'.) From B, the top of a ship's 
mast, which was 80 feet above the water, the angle of 
depression* of another ship's hull at C upon the water 
was 20°; required the distance of the ships. 

Ans. 219-8 feet. 

2d, If the mast =143 feet, and the angle of depres- 
sion = SS*'. Ans. 204-2 feet. 

[17]. There are two monuments whose heights are 
100 feet and 50 feet respectively : I observed, with a 
sextant, that the line joining their tops when produced 
made with the horizontal plane an angle =37°; required 
their distance apart. Ans. 66-4 feet. 

[18]. (Fig. 23.) Wishing to determine the height 

* The angle between a horizontal line passing through the eye 
of the observer and a line drawn to the object is called the angle 
ofelevcUion when the object is above the horizontal line, and the 
angle qf depression when the object is below it ; thus in fig. 21", 
BCA is the angle of elevation of B above the horizontal line AC, 
and DEC is the angle of depression of C below the horizontcd 
lineBD. 
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of an obelisk standing on the top of a declivity, I mea- 
sured from its base a distance of 40 feet, and then ob- 
served the angle formed by this line and a line drawn to 
the top to be =41°. Going on in the same direction 
60 feet farther, the angle formed by the declivity with 
a line drawn to the top was = 23° 45'. Required the 
height of the obelisk. Ans, Height, 57*62 feet. 

[19]. (Fig. 24.) To determine the distance be- 
tween two inaccessible objects, C and D, as two ships at 
anchor, a base, AB, on the same plane as the objects was 
measured and found to be 670 yards; the following 
angles were also observed at the extremities of the 
base: at A, BAD = 40° lb", BAG = 97° 56'; at B, 
ABC=42°22', and ABD=11S°29'; required CD. 

Ans. CD= 1174-4 yards. 

[20]. (Fig. 24.) To determine nearly the dis- 
tance of two redoubts, C and D, by which the entrance 
into a harbour is defended, a boat is placed at A with 
its head towards a distant object seen at £, and the 
angles CAD= 22° 17', and DAE=48° 1' were observed. 
1'he boat is then moved to B, a distance of 1000 yards, 
directly towards E, and the angles CBD=53° 15', and 
DBE=75°43' are observed; required the distance CD. 

Ans. Distance, 1 290 yards. 

[21]. A right-angled triangle rests on its hypothenuse, 
the length of which is 100 feet^ one of the angles is 
3 6° 40', and the inclination of the triangle to the horizon 
is 60°; find the height of the right angle above the 
ground. Ans. 41 '48 feet. 

[22]. (Fig. 25.) To determine the height of an 
object, EB, on the top of an inaccessible hill, I took the 
angle of elevation, ACE, of the top of the hill = 40°, 



8 FBOBLBMS IN SUBYBTIN6. 

and also that of the top of the object ACB =51^. Going 
then 100 yards in a direct line from the object and upon 
a horizontal plane, I found the angle of elevation of the 
top of the object ADB= 33° 45'; required the height of 
the object. Ans, Height, 46*67 yards. 

[23]. (Fig. 26.) Wanting to know the distance 
between two objects, A and B, which could only be seen 
from a particular place, D, I set up two staffs, at C and 
E, and took the angles ADC =89°, ADB=72°30', and 
BDE = 54° 30'. I then measured DE and DC. each = 
200 yards, and took the angles BED = 88° 30' and 
DCA=50° 30'; required the distance AB. 

Ans. 345*5 yards. 

[24]. (Fig. 27.) To determine my distance from 
an inaccessible object at O, without observing any angles, 
I measured a straight line, AB=500 yards, from each 
extremity of which I could see O. I then measured from 
A and B, in a direct line from O, AC and BD, each = 
100 yards ; finally, I measured the diagonals AD and BC, 
the former was = 550 yards, the latter =560 yards ; 
required the distance of the object from A and B. 

Ans. AO=536-2, BO=500-47 yards. 

[25]. (Fig. 28.) Wanting to know the distance, 
AC, of a hill from the station A, and also its height, 
OC, I measured a base, AB=298 yards, on ground 
nearly level, and at A and B, observed with a sextant 
the angles BAO=42° 17' and ABO=79° 29'; and at A, 
the angle of elevation 0AC=4° 51'; required the dis- 
tance AC and height OC. 

Ans. AC=344-6, OC=29-2 yards. 

[26]. (Fig 29.) Find how much the point B is 

elevated above a point H, from the following data : hav- 
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ing observed the angle of elevation BAH =4° d8f and 
measured AC=193 yards to a point C, at C the angle 
ACB=76^ 32', and at A the angle BAC=45° 4'. 

Am. BH=17-8yards. 

[27]. (Fig. 29.) The angle of elevation of a tower 
100 feet high, due north of an observer, was 60° ; what' 
will be its angle of elevation after walking due east 300 
feet? Ans. 1 7'' 47' 45". 

[28]. (Fig 30.) The elevation of a balloon was 
observed to be 20° bearing N.E., and by another ob- 
server 4000 yards due south of the former it was N.b.E. ; 
required its height. Ans, 511*3 yards. 

[29]. (Fig. 31.) From a window which seemed to 
be on a level with the bottom of a steeple, I observed 
the angle ACB of elevation of the top of the steeple = 
40°; from another window of the same house, 18 feet 
directly above the former, the angle EDB of elevation 
was = 37° 30'; required the height and distance of the 
steeple. 

Ans. Height, 210*4 ; distance, 250*8 feet. 

[30] . (Fig. 32.) At B, the top of a castle which stood 
on a hill near the sea-shore, the angle of depression, 
HBS, of a ship at anchor was 4° 52', and at R, the bot- 
tom of the castle, its depression, NRS, was 4° 2'; required 
the height of the top of the building above the level of 
the sea, supposing the castle itself to be 54 feet high ; 
required also the horizontal distance of the vessel. 

Ans. Height, 314*2; distance, 3690'3 feet. 

[31]. (Fig. 33.) Wishing to know the breadth of 
a river, I measured a base of 500 yards in a straight line 
close to one side of it, and at each extremity of the base 
1 observed the angles subtended by the other end and a 
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tree standing on the opposite bank to be 53° and 79^12'; 
required the breadth of the river. 

Ans, Breadth, 529*5 yards. 

2rf, If base = 108-3 and angles 43° 12' and 60° 35'. 

Ans. Breadth, 66-49. 

[32], (Fig. 34.) A base of 340 feet was measured 
on a sloping side of a hill, in a vertical plane passing 
through its summit. It made an angle of 10° 5' with 
the horizontal plane ; at the higher end of ihe base, the 
elevation of the hill was 46° 15', and at the other end it 
was 40° 1 0'. The height of the eye at each observation 
was 5 feet ; find the height of the hill above the lower 
end of the base. ^ns. 1226 feet. 

[33] . (Fig. 35.) The distance between two stations 
B and C on a declivity is 220 yards. At B, the hori^ 
zontal angle, Cba, between C and an object A on the 
top of a hill was found, by a theodolite, to be 70° 15', 
and at C, the horizontal angle bCa, between B and 
A. was 62° 33'; the vertical angles ACa=32°12' and 
BG5=8°32'; find the horizontal distances of the object 
A from C and B, namely, Ca and ba, and also the heights 
Aa and AD of the object above G and B. 

Ans. Hor. dist. of A from C= Cas= 279-1 yards. 

B=Aa=263-l .. 
perp. height of A above C = Afl = 1 75* 7 „ 

B=AD=1431 .. 

[34]. (Fig. 35.) Suppose, as in the last problem, 
that the direct distance between the stations B and C is 
220 yards, also that at C the angle BCb (the elevation 
of B) = 8° 32' and ACa (the elevation of A) =32° 12'; 
but suppose now that a sextant is used in measuring the 
oblique angles, and that ABC= 77° 8' and ACB= 62° 18'. 
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Find, as before, the horizontal distances between A and 
the stations B, C, and the heights of A above B and C. 

j^ns. See last problem. 

[35] . (Fig. 36.) Wanting to know the distance of 
two objects, A and B, from each other, and from Einother 
object, D, all in the same plane, on BA, produced on the 
side of A, a point C was taken, and CD being measured 
was found to be 549*4 yards, and the angle C=57°. At 
D the angle CD A was observed to be 14°, and the angle 
BDA = 41° 30'; required the distance of A, B, and D 
from each other. 
Ans. AB=349-52,AD=487-27, and BD=498-7 yards. 

[36]. (Fig. 37.) Wishing to find the distance of a 
battery at B, from a fort at F, which cannot be seen from 
the battery in consequence of the ground between B and 
F being covered with wood, &c., I measured distances, 
BA and AC, to points A and C, where both the fort and 
battery were visible, the former being 2000 yards and 
the latter 3000; and observed the angles BAF=34° 10', 
FAC=74° 42', and FCA=80° 10'. From these data 
it is required to find the distance of the fort from the 
battery. Ans. 5422 yards. 

[37]. (Fig. 88.) Coming from sea, at the point 
D, I observed two headlands A and B, and inland at 
C a steeple which appeared between the headlands : I 
found from a map that the headlands were 5*35 miles 
from each other ; that the distance from A to the steeple 
was 2*8 miles, and from B to the steeple 3*47 miles. I 
observed with a sextant the angle ADC=1'2° 15' and 
BDC=15° 30'; required my distance from each of the 
three objects. 

Ana. AD=ll-26, CD=12-46, BD= 11-03 miles. 
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[38]. (Fig. 39.) Required the distance of the three 
objects A, B, and C from the point D, situated within 
the triangle, from the following data: AB=267, AC= 
346, BC=209, angles ADC=128° 40', and ADB= 
dV" 20'. Ans. 189-33, 178-86, 104-05. 

The following twelve problems require a knowledge 
of the compass. 

[39]. (Fig. 40.) A headland C bore due north of 

a ship at A; after sailing 10 miles due east to B, the 

headland bore N.W. ; required the distance of the 

headland at each observation. 

Ans. 10 and 14*14 miles. 

[40]. (Fig. 41.) A fort A bore from a ship C due 
north, by compass, and after sailing N.E. by compass 
\A\ miles to B, the fort bore N.W. ; find the distance 
of the fort at both observations. 

Ans. 20*5 and 14*5 miles. 

[41]. (Fig. 42.) A boat is placed at A due west 
of a ship at B; after sailing N.W. 10 miles to C, the 
boat bears S. S.W. ; required the distance of the boat 
from the ship at the first observation. Ans, 10 miles. 

[42]. (Fig. 43.) Sailing along a coast, a headland 
C was observed to bear N. E. b. N. ; having run E.b. N. 
15 miles to B, the headland bore W. N. W. ; find the 
distance from the headland at each observation. 

Ans. 8*496, 10*81 miles. 

[43]. A and B are two points lying north and 
south 50 yards apart; what must be the distance of 
a third pomt C from each, that it may bear N. b. W. 
from B, and W.b.S. from A ? 

Ans. 9*75 and 49*04 yards. 
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[44], (Fig. 44.) A cape C was observed to bear 
from us N. W., and another headland H to bear 
N. N. E. ^ E. ; standing away E. N. E. ^ E* 23 miles to 
B, we found the first bore from us W. N. W., and the 
second N. b. W.-^W.; required the distance and bear- 
ing of the cape from the headland. 

Ans. W. i S. ; 42-33 miles. 

[45]. A ship sailing N. W., two islands appeared 
in sight, one bearing W. N. W., the other N. from the 
ship, and when the ship had sailed 6 miles farther, 
the first bore W. b. S., and the other N. E. ; required 
their bearing and distance from each other. 

Ans. S. 58° 40' W., distance 9*71 miles. 

[46]. From two stations on the deck of a ship 100 
feet apart, the bearings of an object on shore were N.E. 
and N.N.E., and the ship's head was N.b.W. ; find the 
distances of the object from each station. 

Ans. 145-2 and 217-3 feet. 

[47]. (Fig. 45.) A church C bears from a battery 
B, E.N. E. 960 yards ; how must the church bear from 
a ship at sea, supposing her to run in until the battery 
is north 2000 yards ? Jns. N. 20° 32' E. 

[48]. (Fig. 46.) A cape C bears from a headland 
H, W. J S. 4*23 miles ; how must the cape bear 
from a ship which runs in towards the headland on 
a N. b. W. ^ W. course, until the headland is 2*3 miles 
distant from the ship ? Ans, W. N. W. 

[49]. (Fig. 47.) A ship S was 2640 yards due south 
of a lighthouse AB, and after sailing N. W. b. N. 800 
yards to D, its angle of elevation BDA was 5° 25' ; re- 
quired its height. Ans, 192 yards. 

[50]. (Fig. 48.) The bearings of two objects A 
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and B in the same latitude from a ship at O are N.N.E. 
and N.£. b. £., and the distance from A is 10 miles; 
required the distance from B. ^m. 16' 63 miles. 

[51]. (Fig. 49.) Find the angle which the line of 
metal makes with the axis produced in a piece whose 
dimensions are known. 

EXAMPLE. 

Diameter of breech= 12*44 inches ; of muzzle =9 '84 
inches; length of gun = 77i inches. Ans, {fbTbl", 

Calculations^ of a front of Fortification* 
[52]. (Fig. 50.) Let AB be the exterior side of a 
regular pentagon, and suppose the side to be 350 yards, 
the perpendicular D£ 50 yards^ the face AH of the 
bastion 100 yards, and the line of defence AG equal 
to AK. As the length and position of the other lines 
depend on these values, it is required to find the mag- 
nitude and position of the following parts : 

1 . Angle of the tenaille AEB. Ans. 148° 6' 30". 

2. Line of Defence AK or AG. „ 255*33 yards. 

3. Flanked angk HAHj. „ 76° & 30". 

4. Curtain FG. „ 141*02 yards. 

5. Angle of the shoulder AHF. „ 1 1 7° 0'. 

6. Length of flank FH. „ 43*5 yards. 

7. Flanked angle GFH. „ 101° 3'. 
[53a]. What angle will a tower subtend a:t a place 

whose distance is equal to six times its height? and 
where must an observer station himself that the angle 
of elevation may be double of the former ? 

Ans, ^° 28' ; 2*9 times the height. 

[54a]. (Fig. 51.) A maypole was broken by die 

wind, and its top struck the ground 20 feet from its 
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base, and being again fixed was broken a second time 
5 feet lower, and its top extended 10 feet farther; 
required its height. Ans^ 50 feet. 

[55fl], (Fig. 52.) The summit A of a hill bore due 
east of a spectator at B, and £. N. £. of a spectator at 
a point C due south of B; the elevation of the point 
A at B was 20° ; required its elevation at C. 

Ans. 18° 36'. 

[56fl]. (Fig, 53.) If the base of an oblique-angled 
trian^e be 40, and the other two sides 20 and 30, 
what is the length of the perpendicular from the ver- 
tical angle? Ans. 14*523. 

[57]. (Fig. 54.) The elevation of a spire DC at 
one station A was 23° 50' 15", and tiie horizontal 
angle at this station, between the spire and another 
station B, was 93° 4' 20"; the horizontal angle at B 
was 54° 28' 30", and the distance AB between the two 
atations was 416 feet ; required the height of the spire. 

Ans. 278'7 feet. 

[58a]. (Fig. 52.) An observer finds the angle of 
elevation of« tower at a point B to be 23® 18'; after 
walking from B 300 feet in a direction at right angles 
to the line joining B with the foot of the tower, the 
angle of elevation was 21° 16'; required the height of 
the tower, and its distance from B. 

Ans. Height, 272-7 feet; dist 633*4. 

[59]. A pole is inclined at an angle of 80° to the 
horizontal plane, and wlien standing 100 feet from it in 
the direction in which it 'is inclined, the angle of eleva- 
tion of the top is 54°; required its length. 

Ans, 112-5 feet. 

[60a]. (Fig. 55.) On \ke bank of a river stands a 
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column 200 feet high, on which is a statue 50 feet high, 
and to an observer on the opposite bank the statue sub- 
tended an equal angle with a man 6 feet high standing 
at the base of the column; required the width of the 
river. jins. 82"5 feet. 

[61a]. (Fig. 24.) The distance between two objects, 
C and D^ is known to be 6594 yards ; on one side of the 
line CD there are two stations, A and B, at which angles 
are taken. The angle CAD=:85°46', DAB=23''56', 
CBD=68° 2*, and CBA=31° 48'. From these observa- 
tions it is requTred to find the distance between the sta- 
tions A and B. Ans. AB=4694 yards. 

[62a]. (Fig. 56.) A flag-staff, 12 feet high, on the 
top of a tower, subtended an angle of 48' 20" to an ob- 
server at the distance of 100 yards from the foot of the 
tower ; required the height of the tower. 

Ans. 401*4 feet. 

[63]. Find the area of a triangle whose base is 40 feet, 
and perpendicular 30 feet. Ans. 66f square yards. 

[64a] . If from a right-angled triangle whose base is 
12 and perpendicular 16 feet, a line be drawn parallel to 
the perpendicular, cutting off a triangle whose area is 24 
feet, required the sides of the triangle. 

Ans. 6, 8, 10 feet. 

[65a]. Required the side of an equilateral triangle, 
the area of which is 180 square yards. 

Ans. 20-389 yards. 

[66a]. Given the base of a triangle equal to 476*25 
yards, and the angles at tht base 27° 10' 15" and 
35° 10' 15", to find the area. Ans. 33680. 

[67a] . The area of a triangle is 6, and two of its sides 
are 3 and 5 ; find the third side. Ans. 4 or a/52. 
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[68a]. (Fig. 57.) The straight line EF is drawn 
parallel to the base of the triangle ABC whose altitude 
is 10 feet ; find the distance of EF from the base BC, so 
that it may divide the triangle into two equal parts. 

Ans. Distance from base^ 2*929 feet. 

[69fl]. When a parish was inclosed, the allotment of 
one of the proprietors consisted of two pieces of ground, 
one of which was in the form of a right-angled triangle ; 
the other was a rectangle, one of the sides of which was 
equal to the hypothenuse of the triangle, the other to 
half the greater side ; but wishing to have his land in 
one piece, he exchanged his allotments for a square 
piece of ground of equal area, one side of which equalled 
the greater of the sides of the triangle which contained 
the right angle. By the exchange, he found he had 
saved 55 yards of paling ; what are the area of the tri- 
angle and rectangle ? 

Ans, Triangle, 181*5 ; rectangle, 302*5 yards. 

[70a]. The area of a right-angled triangle whose 
sides are in arithmetical progression =216; determine 
the sides. Ans, 18, 24, 30. 

[7 la]. What is the side of that equilateral triangle 
whose area cost as much paving, at 8d, per foot, as the 
pallisading the three sides did at 7^. a foot ? 

Ans, 72*74 feet. 

[72a]. Given a side, a, of a regular polygon of n 
sides, to find the area. 



Ans. 


»a2 180*^ 

Area=-— - cot. • 

4 n 


EXAMPLES. 





1. An eight-sided polygon, or octagon, whose side= 
16 yards. Ans. Area= 1236*1. 

c 
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2. A ten-sided polygon, or decagon, whose 8ide=20j 
yards. Ans. Area=3233-5. 

[73a]. Given the area A of a regular polygon of n 

sides, to find a side a. /~^ j[gQO 

Ans, «= A / tan. 

EXAMPLES. 

1. The area of a regular octagon is 1236*1 square 
yards; find a side. Ans, Side 16 yards. 

2. The area of a decagon is 3233*5 square yards ; 
find a side. Ans, Side 20*5 yards. 

[74a]. (Fig. 58.) To make a regular polygon of n 

AB 
sides equal to a given triangle, ABC. Take AD= — ; 

draw AG, making angle CAG= ; draw DE parallel 

to AG ; and take AF = a mean proportional to AC and 
AE ; then AF is the radius of a circle that will contain 
the required polygon ; required a proof. 

[y^"]. A ship sailing on a S.S.W. course, hore from 
me due south, and the angle subtended by the head and 
stem was 2(y 15", and her length was known to be 160 
feet; required her distance. Ans, 1*94 miles. 

[76a]. A ship sailed S.d?°W., and met another ship 
which had sailed N.(j?+ 10^) W. from the same meridian; 
the distances sailed were as 3 : 2, and their distance from 
the meridian left was 100 miles ; required the difference 
of latitude. Ans, 479*8 miles. 

[77a]. How far may the surface of the sea be seen 
by a man standing 6 feet above it, the radius of the earth 
being 4000 miles ? Ans, 5307 yards. 
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[78a]. From the top of a mountain 3 miles high, 
the true depression of the horizon was found to be 
2® 13' 27"; required the diameter of the earth, supposing 
it to be a sphere. Ana. 7952 miles. 

[79a]. If at the top of a mountain the true depres- 
sion of the horizon of the sea is found to be 1^31', what 
is the height of the mountain, supposing the earth to be 
a sphere whose diameter is 8000 miles ? 

Ana. 1*402 miles. 

[80a]. From a station on the side of a river whose 
banks are parallel, and width 560 yards, the angle formed 
by two objects on the opposite bank was 35° 10', and 
their distance from each other 400 yards; required 
their distance from the station. 

Ana, 560-1 and 694*3 yards. 

[81a]. Walking along a road, I observed the eleva- 
vation of a tower, AB, to be 20*^, and the angular dis- 
tance of its top from an object in the road to be 30°, 
the nearest distance of the tower from the road was 200 
feet ; required its height. 

Ana. 187-5 feet. 

[82a]. One angle of a triangle is 129° 34', and the 
two sides about that angle are to each other in the pro- 
portion of 4 to 7 ; required the other two angles. 

Ana. 32*' 41' 7" and 17° 44' 53". 

[83a]. The three sides of a plane triangle = 6, and 
the angles are to each other as 1, 2, 3 ; find the sides. 

Ana. 1-268, 2-536, 2-196. 

[84a]. The perimeter of a triangle Is equal to 100 
yards, and the angles are to each other in the proportion 
of 1, 2, and 4 : it is required to find the sides of the 
triangle. Ana. 19*8, 35*69, 44*51 yards. 
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[85a]. The perimeter of a right-angled triangle = 
24 yards, and one of the angles = 30° ; find the sides. 

Ans. 5072, 8-784, 10144 yards. 

[86a]. In a plane triangle, ABC, given A=80**, and 
a =400; required the other sides, their sum being 600. 

Ans. 369-25, 23075. 

[87fl] . In a plane triangle, ABC, ^ven A = 60®, 
e=400, and the sum of the other two sides, a and 
b, = 600 ; required the sides a and b. 

Ans, 250 and 350. 

[88a]. The perimeter of a right-angled triangle is 
24 feet, and its base is 8 feet ; find the other sides. 

Ans, 6 and 10 feet. 

[89a]. At 80 feet distance from a steeple, the angle 
made by a line drawn from its top to the place was 
double to that made by a line drawn from the top to a 
point 250 feet from the steeple on the same level ; re- 
quired the height of the steeple. Ans, 150 feet. 

[90a]. Given the base a, the vertical angle A, and 
the sum of the sides of the plane triangle ABC =6, to 
find the sides x and y. 

Ans, a?-|-y=ft, and a?y=i(ft-|-a).(ft— a) sec.^ — 

from which equations x and y may be found. 
[91a]. Given the base a, the vertical angle A, and 
the diflference of the sides of a plane triangle = rf, to find 
the sides x and y. 

Ans, J?— y=rf, and ay=J(a-|-rf).(a— rf) cosec.^— . 

[92a]. Given the base a, the difference of the angles 
X and Y at the base = d, and the sum of the two other 
sides of the plane triangle = b, to solve the triangle. 
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Ans, Co8.^(X-|- Y) = rcos. ^, which determines the 



a 

b 
sum of the unknown angles, and thence, with 

their difference already known, the angles Xand Y. 

[93a]. Given the hase a, the difference of the angles 

Xand Kat the hase = D, and the difference of the sides 

of a plane triangle = d, to solve the triangle. 

a 
Ans, Sin. i(X+ Y)=z-- sin, ^D, and X— Fis already 

known. 

[94a]. Given the hase of a triangle h, and one of 

the angles at the hase A, and the difference of the other 

sides =(f, to solve the triangle. 

b—d 
Ans, Tan.iC=7 — ^taji.iA, from which the angle 

C is found, and thence the other parts of the 

triangle. 

[95a] . Given the base of a plane triangle b, one of 

the angles at the base A, and the sum of the other sides 

= m, to solve the triangle. 

Ans. Tan . iC = 7 cot. 4 A . 

^ m-\-b * 

[96a]. Given the angles and the perimeter of a plane 
triangle, to find the sides. 

EXAMPLE. 

Perimeter =100 yards, A=102°5r30", B=25°42'45", 
and C=5r25'4o". 

Ans, a=44-51, i=19-8, c=35-69 yards. 

[97a]. Given the distances between three stations in 

a straight line with an object standing upon a horizontal 

plane ; and the angles at the points E, D, C, = 0, 90—0, 

and 20 in order, 6 being unknown, to find its height. 

EXAMPLE. 

Let ED=20, and DC=20. Ans. 38-73. 
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[98a]. Investigate analytical expressions for calcu- 
lating the distance of a station from each of three 
points, having given the distances of the points from 
each other, and the angles which they suhtend at the 
station. For numerical examples, see Prohh. 37, 38. 

[99a]. If in the three edges which meet at one angle 
of a cube, three points. A, B, C, be taken at distcmces 
a, b, c, from the angle respectively, the area of the tri- 
angle ABC, formed by joining the three points with 

each other, = i V^FT^^T^J! 

[100a]. On the sides of an equilateral triangle three 
squares are described. Shew that the area of the tri- 
angle formed by joining the centers of these squares = 
area equilateral triangle x (1 + J'/S). 

[10 1 a]. A fleet of steam- vessels, under the command 
of an admiral, is steaming due east, 6 miles an hour ; a 
part of the fleet under a vice-admiral bears from the ad- 
miral N.N.E. 6 miles, and a look-out steamer is S.E.b.S. 
10 miles. The admiral, suspecting the enemy to be in 
the S.E. quarter, directs the vice-admiral, by signal, to 
take station 3 miles S.E. of him, and the look-out 
steamer due east 5 miles ; at the same time he sends se- 
veral steamers from the main body to reinforce the vice- 
admiral at the appointed station. Now, supposing the 
admiral continue to steer due east, 6 miles an hour, and 
the vice-admiral to increase his speed to 10 miles, and 
the look-out steamer to 14 miles an hour, it is required 
to find the course and distance of the look-out steamer, 
and also the course and distance of the vice-admiral, so 
that they may reach their several stations in the short- 
est time. Required also the time in reaching their sta- 
tions, the rate at which the reinforcement must steam 
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to reach the station at the same time as the vice-admiral, 

and also its course and distance.* 

Ans. Vice-admiral's course is S.E.b.S. nearly; dis- 
tance, 9*42 miles. Look-out steamer's course is 
N.N.E. nearly; distance, 8*94 miles. Rein- 
forcement's course is E.b.S.-^S. nearly; distance, 
8 miles. The vice-admiral and reinforcement 
reach their station in 56 minutes, and the look- 
out steamer in 38 minutes. The reinforcement's 
rate of steaming, 8-^ miles an hour. 



SECTION II. 

ASTBONOMICAL AND NAUTICAL PBOBLEMS. 

Spherical Trigonometry derived its origin from the 
computations necessary in astronomy, and its principal 
applications are still furnished by the same science. 

To assist the student in understanding the nature of 
the following problems, we will give in this place a few 
astronomical and nautical terms and definitions. 

Definitions in Astronomy, 

The astronomer conceives all the heavenly bodies 
to be contained within a hollow sphere of great but 
indefinite magnitude ; he supposes this sphere (the in- 
terior surface of which is called the celestial concave) to 
have the same center as the earth ; and in all applica- 
tions of spherical trigonometry, he employs, instead of 
the real position of any of the heavenly bodies, the point 
in which the celestial concave is cut by a straight line 
drawn through the centers of the earth and of the body; 

* If a geometrical construction of this problem be made on a 
large scale, the course, &c. so found will be sufficiently correct for 
practical purposes. 
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fig. a 



AI| 




this point is called the 
true place of the hea- 
venly body. Thus, fig. 
o, let QZPQiPi repre- 
^ sent the celestial con- 
Rcave, m a heavenly 
bodv, C the center of 
the earth ; join Cm, and 
produce it to cut the 
celestial concave in M^; 
then M^ is the true 
place of the heavenly body m. Let A be the place of a 
spectator on the surface of the earth : join Am, and pro- 
duce it to the celestial concave at M ; then M is called 
the apparent place of m. 

The extremities of the axis on which the celes- 
tial concave appears to revolve, in consequence of the 
earth's diurnal motion, are called the poles of the heavens; 
thus, PP^ represents the axis of the heavens, P and P^ are 
the poles : the points p and ^^, in which the earth's sur- 
face, pgpiqi, is cut by this axis, are called the poles of the 
earth. That great circle on the surface of the earth which 
is equidistant from each of its poles, is called the terres- 
trial equator; in the figure, qq^ represents the plane of 
the terrestrial equator. The terrestrial equator extended 
to the celestial concave, as QQ^ forms the celestial equa^ 
tor, A circle touching the earth where the spectator 
stands, and extending to the celestial concave, is called 
the visible horizon, and a circle parallel to the visible 
horizon which passes through the center of the earth 
and extends to the celestial concave is called the rational 
horizon; thus, hr represents the visible, and HR the 
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rational horizon of the spectator at A. These two 
circles^ however, form one and the same in the celestial 
concave : thus, the points R and r in the figiu-e must be 
supposed to coincide. This may be readily conceived, 
when we consider that the distance of any two points 
on the surface of the earth will make no sensible angle 
at the celestial concave ; therefore, either of these two 
circles is to be understood by the word horizon. Of the 
poles of the hoiizon of any place, that which is over the 
place is called the zenith, and the other the nadir, as Z 
and Zi in fig. a. 

Great circles passing through the zenith are called 
circles of altitude, or vertical circles ; the circle of al- 
titude passing through the poles of the heavens is also 
called the celestial meridian; the points of the horizon 
through which the celestial meridian passes are called the 
north and south points ; and a circle of altitude at right 
angles to the meridian is called the^nW vertical; this 
last circle cuts the horizon in the east and west points. 
These circles will be more clearly understood by 

means of fig. b, in 
which N.W.S.E. re- 
presents the horizon 
of a spectator whose 
zenith is supposed to 
beZ;N.S.E.W.the 
north, south, east, and 
west points of the 
horizon. NZS is a 
circle of altitude pass- 
ing through the pole, 
and therefore repre- 



fig. b. 
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sents the celestial meridian: ZD, ZO, &c. are circles 
of aldtude, or vertical circles* and WZE is the prime 
vertical. 

Since the horizon and celestial equator are both 
perpendicular to the celestial meridian, the points where 
the horizon and celestial equator intersect each other 
must he 90^ distant from every part of the meridian 
[Part II. Art. (65), Cor. 3] ; that is, the celestial equator 
cuts the horizon in the east and west points ; draw the 
curve £QW to cut the horizon in the east and west 
points ; this will represent the celestial equator. Since 
the poles of the heavens are 90° distant from the equa- 
tor, take QP=90°. P is called the elevated pole, or 
the one ahove the horizon, and NP is the altitude of the 
pole. 

The distance, ZQ (figures a and ft), of the zenith 
from the equator represents the latitude of the spectator; 
this may he more clearly seen in fig. a, where PZQH re- 
presents the plane of the celestial meridian, Z the zenith 
of the spectator at A, hr or HR his horizon, P the ele- 
vated pole, QQp drawn at right angles to P^P, represents 
the plane of the celestial equator, and the angle ZGQ 
(the earth being considered as a spheroid) is the latitude 
of the spectator; but since the distance, ZQ, of the 
zenith from the equator measures the same angle, this 
arc is taken to represent the latitude.* ZP (figures a 
and b), the complement of ZQ^, is called the colatitude, 

* If CA be joined, and produced to cut the celestial concaye 
in Z^, the arc Z,Q, is called the latitude on the sphere^ or the re- 
duced latitude. The formula given in p. 38, Trigonometry^ Part I. 
enables us to find the difference between the true and reduced 
latitude. 
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The altitude of the pole is easily shewn to be equal 
to the latitude of the spectator : 

for alt.NP=90°-PZ=90°-colat. 

=90°- (90°-lat)=latitude. 

The sun, in consequence of the earth's motion in 
its orbit, appears to move eastward in the celestial con- 
cave, and, in the course of a year, to describe, among the 
fixed stars, a great circle ; this circle is called the ecliptic. 
It is inclined to the celestial equator at an angle of about 
23^28', called the obliquity of the ecliptic. In fig. b, 
ACT represents a part of the ecliptic, and the angle 
MAR the obliquity. The points in which the equator 
and ecliptic intersect are called the first point of Aries 
and first point of Libra; the former, being the point 
where the sun crosses the equator northward, is called 
the vernal equinoctial point, and the latter the autumnal 
equinox. Great circles passing through the poles of the 
heavens are called circles of declination, and great circles 
passing through the poles of the ecliptic are circles of 
latitude; thus, in fig. b, PR, PA, &c. are circles of decli- 
nation, -and if P^ represent the pole of the ecliptic, P^M 
is a circle of latitude. Parallels of declination and lati- 
tude are small circles parallel respectively to the celestial 
equator and ecliptic. 

The declination and right ascension of a heavenly 
body may be defined thus : the declination of a heavenly 
body is the arc of the circle of declination passing through 
its place in the celestial concave, intercepted between this 
place and the celestial equator ; the right ascension of a 
heavenly body is the arc of the celestial equator inter- 
cepted between the first point of Aries and the circle of 
declination passing through the place of the body in the 
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celestial concave. Or, it is the angle at the pole of 
the heavens between the circles of declination passing 
through the first point of Aries and the place of the 
heavenly body ; the arc or angle being measured round 
the equator or- the pole from west through south to east, 
or in the direction of the earth's motion round the sun ; 
thas, in fig. 6, if X be a heavenly body, and PXR a circle 
of declination passing through its place, XR is its decli- 
nation, and AR, or the angle APR, its right ascension. 
In like manner^ if a circle of latitude be drawn through 
any point in the celestial concave, the part of it between 
the point and the ecliptic is called the latitude of the 
point, and the arc of the ecliptic extending eastward 
from the first point of Aries to the circle of latitude is 
called the longitude of the point ; thus, the latitude of X 
is XM, and longitude AM. The altitude of a heavenly 
body is the arc of a circle of altitude intercepted between 
the place of the body and the horizon ; thus, XO is the 
altitude of X. The azimuth of a heavenly body is the 
arc of the horizon intercepted between the north or south 
points and the circle of altitude passing through the 
place of the body ; or, it is the corresponding angle at 
the zenith between the celestial meridian and the circle 
of altitude passing through the body ; thus, SO or NO, 
or the angles OZS or OZN, is the azimuth of X. The 
amplitude of a heavenly body is the distance from the 
east at which it rises, or the distance from the west at 
which it sets, these arcs or distances being measured on 
the horizon ; thus, the amplitude of X is the arc WD or 
£D2 (the dotted line DgXD being the arc of a parallel 
of declination described by X from rising at Dj to setting 
at D). The hour-angle of a heavenly body is the 
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angle at the pole between the celestial meridian and 
the circle of declination passing through the place of 
the body ; thus, ZPX is the hour-angle of X. If L be 
the place of the sun west of the meridian, its hour- 
angle ZPL is called apparent time; but when the sun 
is east of the meridian, as at C, then apparent time is 
found by subtracting the hour -angle ZPC from 24 
hours. 



Definitions in Navigation, 

Let A and F represent two places on the surface 
of the earth (considered as a sphere), PU, PZ, their 

meridians, P the pole, and 
UZ an arc of the equator. 
Through A and F draw a 
curve line, AF, cutting 
all the intermediate meri- 
dians, PV, PW, &c. at 
the same angle. This com- 
mon angle is called the 
course from A to F, and 
the arc AF (in nautical 
N miles) is called the dis' 
tance. Draw the parallels 
of latitude AN and FO ; 
the arc AU is the latitude 
of A, and FZ the latitude 
of F ; UZ, or the angle APF, is the difference of longi- 
tude between A and F. The arc AO is the difference, 
or as it is called in Navigation, the true difference of la* 
titude between A and F. 
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Suppose the intermediate meridians, PV, PW, &c. 
to be drawn through points B, 0, &c. taken on the 
arc AF indefinitely near to one another, and through B, C, 
&c. suppose arcs of parallels BH, CI, &c. to be drawn ; on 
this supposition the elementary triangles ABH, BCI, &c. 
may be considered as right -angled plane triangles, of 
which the sum of the sides AB, BC, &c. is the distance, 
the sum of the sides AH, BI, &c. is equal to the true 
difference of latitude, and the sum of the sides BH, CI, 
&c. is called in Navigation the departure. 

The chart used at sea for marking down the ship's 
track and for other purposes, exhibits the surface of the 
globe on a plane on which the meridians are drawn pa- 
rallel to each other, and therefore the parts BH, CI, DK, 
&c. arcs of parallels of latitude, are increased and be- 
come equal to the corresponding parts of the equator 
UV, VW, &c. Now, in order that every point on this 
plane may occupy the same relative position with respect 
to each other that the points corresponding to them do 
on the surface of the globe, the distance between any 
points A and O, and A and F must be increased in the 
same proportion as the distance FO has been increased. 
The true difference of latitude, AO, is thus projected on 
the chart into what is called the meridional difference of 
latitude, and the departure, BH+CI+DK+ . . . into 
the difference of longitude. A chart constructed in this 
maimer is called a Mercator's Chart. From these defi- 
nitions and principles are deduced the fundamental for- 
mulae in Navigation given in p. 38, Trig, Part I. ; and 
these expressed in words form the common rules of Mer- 
cator and parallel sailing. The investigation of these 
formulae and rules will be given in the present volume. 
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PROBLEMS IN ASTRONOMY, ETC. 

[102], In latitude 50°48'N. the altitude of the sun 
was 46° 20' (west of meridian), and, by the Nautical Al- 
manac, its declination at the time of observation was 

23°27'45"N.; required the azimuth. 

Ans. N.lll°5rW. 

[103], In latitude 50°43'N. the altitude of the 
sun was 46° 20' (west of meridian), and its declination 
23°27'45"N.; required the apparent time of observation. 

Ans, 2h. 57m. 16 sec. 

[104] . The azimuth of a heavenly body was observed 
to be N. 111^51' W., its altitude at the same time was 
46° 20', and declination 23°27'45"N.; required the ap- 
parent time. Ans. 2h. 57m. 16 sec. 

[105]. What is the altitude of a star whose hour- 
angle is 38° and declination 16° N. at a place in latitude 
50°48'N.? Ans, 43°49'. 

[106]. In latitude 50° 48' N., when the sun's decli- 
nation was 12°29'N. and hour-angle 2h. 53m. Isec. a.m.; 
required the azimuth. Ans. N. 121°47'E. 

[107]. Given the sun's meridian altitude = 70° 
(zenith north of the sun) and its declination 20° N. ; re- 
quired the latitude of the place. Ans, 40° N. 

[108]. Given the sun's meridian altitude = 70° 
(zenith north) and its declination 5° S.; required the la- 
titude. Ans, 15° N. 

[109]. Given a star's meridian altitude =70° (zenith 
south) and declination 25° N. ; required the latitude. 

Ans, 5° N. 

[110]. Given the sun's meridian altitude 30° (zenith 
south) and declination 10° N. ; required the latitude. 

Ans. 50° S. 
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[111]. Given the latitude of the spectator 40° N. and 
the declination of a heavenly body 20° N.; required its 
meridian altitude (zenith north of the body). 

Ans. 70°. 

[112]. Given the sun's meridian altitude 30° (zenith 
south of the sun) at a place in latitude 50° S. ; find its 
declination. Ans, 10° N. 

[113]. The meridian altitude of a star at a place on 
the equator is 57°; find its declination (zenith north of 
star). Ans. 33° S. 

[114]. The latitude of a spectator is equal to half 
the sum of the meridian altitudes of a circumpolar star 
above and below the pole ; required a proof. Given the 
altitudes 20° and 70° at its inferior and superior transits 
respectively ; required the latitude.* Ans. 45° N. 

[115]. A circumpolar star passes the zenith of a 
place, and its altitude at the inferior transit is 20°; re- 
quired the latitude. Ans, 55° N. 

[116]. The altitude of a circumpolar star at its 

inferior transit is equal to its zenith distance at its 

superior transit ; required the latitude. 

Ans. 45° N. 

[117]. In latitude 60° N. what are the altitudes of a 
star at the inferior and superior transits, its declination 
being 40° N. Ans. 70° and 10°. 

[118]. What is the declination of a star that passes 
the zenith of a place in latitude 50°48'N., and what 
will be its altitude at the inferior transit ? 

Ans. Decl. 50° 48' N. ; alt. 1 1° 36'. 

[119]. What is the latitude of a place in which the 

* The latitude and declination in the following problems are 
north, unless the contrary is expressed. 
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sun just touches the horizon without setting, when its 
declination is 23° 28' N. ? Ans. 66P 32* N. 

The following expressions will be found useful for cer- 
tain positions of the heavenly body. They are deduced 
from Napier's Rules for right-angled and quadrantal 
triangles (see pp. 66, 70, Trig., Part I.). 

1 . When the heavenly body is on the prime vertical, 
prove the following formulae : 

a. COS. hour-angle = cot. lat. x tan. declination. 
/3. sin. decl.=sin. lat. x sin. altitude. 

y. COS. alt. = sin. hour- angle x cos. decl. 

0. cos. lat. = cot. hour-angle x cot. alt. 

2. When the heavenly body is six hours, or 90*^, 
from the meridian : 

e. sin. alt.=:sin. decl. x sin. lat. 

(. cos. azimuth=cot. lat. x tan. alt. 

17. cos. lat. = cot. decl. x cot. azimuth. 

6 . cos . decl . = siu . azimuth x cos .alt. 

3. When the heavenly body is in the horizon: 

1, cos. hour-angle= — tan. lat. x tan. decl. 

K, sin. decl.=cos. lat. x sin. amplitude. 

X. sin. lat.= —cot. amplitude x cot. hour-ang. 

fi, cos.amplitude=cos. decl. X sin. hour-angle. 

[120]. Griven the sun's altitude 30° when due west» 
and its declination 20° N. ; required the latitude. 

Ans. 43° 9' 15" N. 

[121]. Given the sun's declination 23° 27' 45", and 
latitude of the place 50° 48' N., to find his altitude, and 
the time when he is on the prime vertical. 

Ans. Alt 30° 55'; time, 4h. 37m. 4 sec. 

• D 
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[122]. Two Stars are due east at the same time at a 

place whose latitude is 50^4 8' N., and their altitudes are 

20° and 40°; find the difference of their hour-angles. 

Ans. 59m. 56 sec. 

[123J. Given the sun's altitude 18°45' at six o'clock, 

and declination 20° 4' N„ to find the latitude. 

Ans. 69° 3 1' 40" N. 

[124]. Given the latitude 50°48'N., and sun's de- 
clination 23° 27' 45" N., to find his altitude and azimuth 
at six o'clock. 

Ans. Alt. 1 7° 58' 15"; azimuth, N. 74° 39' 30" E. 

[125]. What will be the apparent time of rising of 

the sun at a place in latitude 50° 48' N. when its azimuth 

is S. 80° E. (neglecting the effects of refraction, &c.)? 

Ans. 6h. 31m. 7 sec. 

[126]. Given the sun's amplitude W.37°30'N. and 

decl. 15° 12' N.; required the latitude. 

Ans. 64° 29' 15 "N. 

[127]. Given the latitude of the place 50°48' N., and 
the sun's decl. 18°28'N.; required his amplitude, time of 
rising or setting, and the length of the day and night. 

Ans. Amp, E. 30°4'30"N.; sun rises at 4h. 23m. 
19 sec. A.M.; length of day, 15h. 13m. 22 sec. 

[128]. Where will the sun rise in latitude 50° 48' N. 
when the day is 14 hours long ? Ans. E. 19° 5' N. 

[129]. Given the sun's altitude 22° 56', and hour- 
angle 3h. Om., when the declination is nothing, to find 
the latitude. Ans. 56° 33' 30" N. 

[130]. Given the sun's altitude, declinatron, and 
azimuth ; to find the latitude. 

BXAMPLB. 

Alt.=42°30'; decl. = 22° 10' N.; azimuth=S.57°45'W. 

Ana. Lat. 59° 4' N. 
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[131]. Given the sun's altitude 37° SO*, hour- angle 
2h. 15m., and decl. 22°30'N. to find the latitude (zenith 
north of the sun) . Ans. Lat. 7 1° 3 1' N. 

[132]. Given the right ascension of the sun (RA), 
and obliquity of the ecliptic (w), to find his longitude 
and declination. 

EXAMFLB8. 

1. RA=4h. 10m. 20 sec; «=23**27'45". 

Ans. Long. 64° 33' 15"; decl. 21° 4' 15"N. 

2. RA=17h. 10m.; «= 23° 27' 45". 

Ans. Long. 258° 30' 15"; decl. 22° 58' S. 

[133]. Given the right ascension and declination of 
a heavenly body and the obliquity of the ecliptic, to find 
its latitude and longitude. 

EXAMPLES. 

1. RA = 2h. 59m. 37 sec. ; decl. = 21° 27' 48" N.; 
«=23°27'45". 

Ans, Lat. 4^ 1 5' N. ; long. 48° 37' 30". 

2. RA=16h.l4m.; decl.=:25°51'N.; «=23°27'45". 

Ans. Lat. 46° 6' 15" N. ; long. 234° 36' 30". 

[134]. Two places have the same latitude, namely, 

45° N., and their diflference of longitude is 10° 36' ; 

required their distance. 

Ans. 449*25 nautical miles. 

[135]. Required the distance from Portsmouth to 
Buenos Ayres. 

Lat. Portsmouth 50° 48' N.; long. 1° &W. 
Lat. Buenos Ayres 34 37 S. ; long. 58 24 W. 

Ans. 5949-8 nautical miles, or 6847*2 English 
miles (69^ to a degree)* 
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Sailing on or near to a Great Circle, 

The shortest distance between two known places 
is the arc of a great circle passing through them. This 
distance may be found as in the last example. The 
practical inconvenience of sailing on a great circle arises 
from the necessity of continually altering the course. 
It is for this reason that Rules are given for sailing from 
one place to another so that the course may be constant, 
although the distance sailed is not the shortest between 
the two places. When the distance between the two 
places is considerable, as between Liverpool and New 
York, the following method of approximating to the 
shortest distance may be adopted with advantage. 

1 . Compute the' shortest distance as in the last ex- 
ample. 

2. Take two or more points on this arc, and find the 
latitude and longitude of those points.* 

3. Find the course and distance from the place sailed 
from, to the nearest point marked on the arc, and thence 
to the next point, and so on. 

The distance described by the ship on these curves, 
will not differ much from the shortest distance; and thus 
the advantage of sailing on one course is combined with 
that of shortening the distance. 

EXAMPLES IM GREAT-CIRCLE SAILING. 

1. Compute the shortest distance between Iiiverpool 
and New York. 

* The points should not be farther apart than 1000 miles. 
The nearer they are taken to each other the less will be the dif- 
ference between the sum of the distances run and the shortest dis- 
tance. 
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Lat. Liverpool, 53°25'N ; long. 2®59'W. 
Lat. New York, 40 42 N.; long. 73 59 W. 

Ans. 2872 miles. 

2. Take a point. A, on this arc, distant from Liver- 
pool 872 miles; take another point, B, distant from A = 
1000 miles; then from B to New York = 1000 miles. 
Find the latitude and longitude of the points A and B. 

Ans. Lat. A, 54° 39' N. ; long. 27° 46' W. 
„ B, 50 ON.; „ 54 9 W. 

3. Required the course and distance (by Mercator's 
sailing [p. 39, Trig., Part I.]) from Liverpool to A, from 
A to B, and from B to New York. 

Ans. Course and distance from : 

Liverpool to A, N. 85° 9' W.; dist. 876 miles. 
AtoB .... S. 73 54 W.; „ 1006 „ 
BtoNewYork, S.56 11 W.; „ 1002 „ 

4. Required the difference between the distance, by 
great- circle sailing, from Liverpool to New York, and 
the distance by Mercator's sailing. See Ex. 2, p. 39, 
IVig., Part I. Ans. 107 miles. 

[136]. Required the distance of the moon from a 
Leonis (Regulus) ; the right ascension and declination of 
the former being 0°32'45" and 5°19'S., and of the latter 
148° 18' 45" and 13° 10' 15" N. Ans. 147° 16'. 

[137.] The meridian altitude of a Leonis (declina- 
tion 13° 10' N.) under the north-pole was observed to 
be 6° 10'; required the latitude. Ans. 83° N. 

[138]. Given the sun s longitude 202° 24' 15", and 
the moon's latitude and longitude 4° 54' 30" N. and 89^ 
25' 30"; required their distance. Ans. 112° 53' 30". 

[139]. If a ship from latitude 50° 10' N. start on a 
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S.W. course, and sail 100 miles on a great circle, what 
will be her last course ? Ans. S. 43° 38' W. 

[140]. The latitude of a place A is 4(f N., of B SO*" 
N.y and their distance from each other 20°, the longitude 
of A is 15° £. ; required the latitude and longitude of 
another place C to the north of and 20° distant from A 
and B. 

Am. Lat. 59° 37' N. ; long. 21° 13' E. or 8° 47' E. 

[141]. The distances of a comet from Aldebaran and 
Regulus were observed to be 40° l2' and 51° 36' respec- 
tively; required its latitude and longitude, the respec- 
tive latitudes of the two stars being 5° 28' 45" S. and 
0°27'30"N., their longitudes 67°12'15" and 147°15'30", 
and the comet being south-east of the arc of a great 
circle joining them. 

Ans, Lat. 28° 0' 15" S. ; long. 102° 19'. 

[142]. Required the beginning of morning and the 
end of evening twilight, at a place in latitude 54°36'N., 
the sun's declination being 8°30'N. (twilight being sup- 
posed to begin and end when the sun is 18° below the 
horizon). Ans. 2h. 46m. a.m., 9h. 14m. p.m. 

[143]. Suppose two altitudes of the sun observed in 
the forenoon in the same place, at the interval of an 
hour and a half, to be 28° 40' and 39° 50'; required the 
latitude of the 'place, the declination being 23°26'N. at 
both observations. Ans. Lat. 59° 17' 15" N. 

[144]. The altitudes of a Hydrae and Regulus (east 
of meridian) were at the same time 40° 44' and 45° re- 
spectively, the right ascension and declination of the 
former being 9h. 16ra. and 7° 37' S„ of the latter 9h. 
53m. and 13° 9' N.; find the latitude. 

Ans. 26° 23' N. 
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[145a]. The difference of longitude between two 
places in the same latitude, namely, 33° 51'S., is 136^10'; 
how much shorter is the distance between them on the 
arc of a great circle, than on their common parallel; and 
what is the highest latitude attained by a ship sailing 
from one to the other on the arc of a great circle ? 

Ans, Difference of distances, 737*6 English 
miles ; highest lat. 60° 54' S. 

[146a]. What is the highest latitude attained by a 
ship sailing on the arc of a great circle from Port Jack- 
son to Cape Horn, their latitudes being 33^51' and 

55° 58', and the difference of longitude 140° 27'? 

Ans, 72° 41'. 

[147], Required the sun's azimuth and depression 
below the horizon at 7h. p.m., when the declination was 
10° 15' S., and the latitude of the place 50**48'N. 

Ans. Azimuth, N. 84° 53' W. ; depression, 17° 24'. 

[148]. Determine the bearing or azimuth of the two 
stars Aldebaran and Pollux when on the same vertical 
circle, the latitude of place being 25° N. ; the R. A. and 
declination of former star being 4h. 26m. 46s. and 
16°11'N.; of the latter 7h. 35m. 13s. and 28°24'26"N. 

Ans. S. 75°5'W. 

[149.] In a certain latitude (zenith N.) the moon's 
true altitude was 18° 2' 30" (east of meridian) in the 
same vertical circle with a star whose right ascension 
and declination were 9h. 59m. 42s. and 12° 45' 45" N., 
the moon's R.A. and declination being 12h. 35m. 54s. 
and 1° 42' 30" S. ; required the latitude. 

Ans. 19° 55' 30" N. 

[150a]. The altitude of a star when due east was 

20°, and it rose E.b.N.; required the latitude. 

Ans. 29°42'N. 
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[151a]. The altitude of a star when due east was 
10°, and when due south was 4(f; find the latitude of 
the place. Jns. SS'^ZV N. 

[152a]. Griyen the altitude of the sun when due west 
and at six o'clock, to find the latitude and declination. 

BXAMPLB. 

Altitude when west=27° 24'; at 6h.=14°43' 30". 

An8. Latitude, 48° N. ; declination, 20° N. 
[15da]. Given the sun's altitude at six o'clock, and 
its amplitude, to find the latitude and declination. 

EXAMFLB. 

Altitude at 6h.r=14°43'30"; amplitude =30° 44' 30". 

Ans, Latitude, 42° or 48°; decHnation, 22° 20' or 20°. 

[154a]. Given the sun's altitude at six o'clock, and 
the hour-angle when setting, to find the latitude and 
declination. 

BXAMPLB. 

Altitude at 6h.= 14°43'30"; h=7h. 35m. 22s. 

An9. Latitude, 48° 1'; declination, 20°. 

[155a]. Griven the times at which the sun sets and 
is west on the same day, at a particular place, to find 
the latitude of the place, and the declination. 

BXAMPLB. 

Hour-angle when W.=4h. 43m. 28s. 

setting =7h. 35m. 22s. 
Ana, Latitude, 48° N.; declination, 20° N. 
[156a]. Given the sun's declination and the interval 
between the times at which he is west and sets, to find 
the latitude. 

BXAMPLB. 

Declination = 20° N.; interval =2h. 51m. 54s. 

[Ans. Latitude, 48° N. or 42° N. 
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[157a]. GiveD the amplitude of the sud, and the azi- 
muth at six o'clock, to find the latitude and declination. 

EXAMPLE. 

Ampl.= W. 30°44'30"N.; azimuthrrN. 76° 18' 45" W. 
Ans, Latitude, 48° N. ; declination, 20° N. nearly, 
[158a]. Given the sun*s meridian altitude, and his 
altitude at six o'clock ; to find the latitude and declination. 

EXAMPLE. 

Mer. alt. a=62°; alt. at 6h.= 14° 43' 30 . 
Ans. Latitude, 48° 0' 20" N. ; declination, 20° N. 
[159a]. Given the suns meridian altitude, and the 
hour-angle when rising; to find the latitude and decli- 
nation. 

EXAMPLE. 

Mer. alt.=56°; hour-angle= 7h. 

Ans. Latitude. 47° 23' 30". 
[160a]. Given the interval between the times at 
which the sun is west and sets at a place whose latitude 
is known ; to find the declination. 

EXAMPLE. 

Lat:=48° N. ; interval = 2h. 51m. 54s. 

Ans, Declination, 20° N. 
[161a]. At a given place, to find the greatest azi- 
muth of a heavenly body, whose declination is greater 
than the latitude of the place ; to find also the time and 
altitude on a given day, when the heavenly body will 
have the greatest azimuth, and when consequentiy it 
will appear to move perpendicularly to the horizon. 

EXAMPLE. 

In lat. 20° N. when the sun's declination is 23° 28' N. ; 
required the time and altitude when its azimuth is the 
greatest, and also its greatest azimuth. 
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Ans. Time, 9h. 47m. 538. a.m. (app. time) ; alti- 
tude, 59° 11' 30"; greatest azimuth, N.77°28'B. 

[162fl]. In latitude 20° N. when the sun's declina- 
tion is 23° 28' N. ; required the time when the sun will 
appear stationftry in azimuth, the period during which 
the shadow moved in a contrary direction, and the num- 
ber of degrees it appeared to go back. 

Ans, Time, 9h. 47m. 53s. ; period, 4h. 24m. los. ; 
shadow went back 12° 32' 30'\ 

[163a]. When the sun's declination was 10° 15'N. 
and that of the moon was 12° 46' S., both were observed 
to rise at the same time ; required the latitude of the 
place and the time of the observation, the difference of 
their R.A.'s being Ih. 63m. 428. 

Ans. App. time, 5h. 9m. 40s. a.m.; lat. 50° 18' 20" N. 

[164a]. On what days of the year is the sun on the 
horizons of Dublin and Pemambuco at the same instant, 
their respective latitudes being 53° 21' N. and 8° 13' S., 
and their longitudes 6° 19' W. and 35° 5' W ? 

Ans. The four days in the year when 
the sun's declination is 18° &, 

[165]. ABCD is a square field, each of whose sides 
is 100 yards. In the middle of the field stands an obe- 
lisk 60 feet high ; find the altitude of the sun when the 
shadow of the obelisk just reaches the corner of the 
square. Ans, 15° 47'. 

[166a]. At noon on the shortest day, the shadow of 
a perpendicular stick was 7 times as long as its shadow 
at noon on the longest day ; required the latitude, de- 
clination 23° 28'. 

Ans, -Sin. 2/=^ sin. 2(/; /=38° 27' 45". 

[167a]. Compare the lengths of the shadow of a per- 
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pendicular stick at noon in latitude 45^ N. on the two 
days when the sun's declination was 15° N. and 15° S. 

Ans, Lengths of shadows as 3:1. 

[168fl]. In latitude 33° 30' N. and decl. 10° 15' N., 
I observed that my shadow bore to my height the pro- 
portion of 5 : 3 ; required the altitude and hour- angle of 
the sun. Ans, Alt. 30° 58'; A=3h. 58m. 4s. 

[169a]. The length of the shadow of a perpendicular 
object was 4 feet, and its longest when sloping was 5 feet ; 
required the sun's altitude. Ans. 36° 52' 15". 

[170a]. The elevation of a cloud was observed to be 
20°, at the same time the sun*s altitude was 22°, the 
sun and cloud being in the same plane with the observer, 
and his distance from the shadow 400 yards ; required 
the height of the doud. Afis, 1468 yards. 

[171a]. In latitude 45° N., the meridian altitude of 
the sun = 30° ; shew that the tangent of quarter the 

length of the day = "47^' 

[172a]. At a certain place the sun rose at 7 h. a.m., 
and its meridian zenith distance was twice the latitude ; 
required the latitude. Ans. Lat. 26°58'. 

[173a]. In latitude45°N., the sun rose at 4h. a.m. 5 
shew that the tangent of the meridian altitude = 3. 

[174a]. In latitude 50° N. when the sun's declina- 
tion is 5° 38' N. ; required the time it will take the body 
of the sun to rise out of the horizon, its semidiameter 
being 16'. Ans. 3m. 19s. 

[175a]. Required the time the sun's semidiameter 
will take to pass the meridian, the declination being 
23° 4' and semidiameter 1 6' 1 7"-3. Ans. 1 m. 1 1 s. 

[176a]. In latitude 51^° 6' N. and long. 6° 15' E. ob- 
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served a point of land bearing N.E., and after sailing 
E.N.E. 6 miles the point bore N.^W. ; required the la- 
titude and longitude of the point. 

Ana, Lat. 59° 11' 15"; long. 6° 25' 1 3" E. 

[177a]. In latitude 45° N., required the difference in 
the I^gths of the longest and shortest days (declination 
23° 28'). Ans. 6h. 5 Im. 40s. 

[178a]. In what latitude N. will the difference be- 
tween the longest and shortest days be just 6 hours ? 

An8. Lat. 46° 24' N. 

[179a]. At a certain place, when the sun's declina- 
tion was 10° N., it rose an hour -later than when it was 
20° N. ; required the latitude. Ans. Lat. 52° 27' N. 

[180a]. In what latitude north will the shortest day 
be just one-third the longest (declination 23° 29') ? 

Ans. 58° 27' N. 

[181a]. And in what latitude will the shortest day 
be j ust f ths the longest ? Ans. 4 1° 24' N. 

[182a]. If a ship sail from a certain place a miles 
due east, then a miles due south, and then b miles due 
west, and reach the same longitude ; required the lati- 
tude of the place arrived at. 

EXAMPLE. 

a= 100', and 5= 150'. An8. 85° 0' 30". 

[183a]. Given the apparent and true altitude of a 

heavenly body, its declination, and observed distance 

from a terrestrial object, to find the true bearing of the 

object from a given station. 

EXAMPLES. 

1. When the object is in the horizon. 
In latitude 7° 51' N. the observed altitude of the 
sun*s lower limb was lOf 30', and observed distance of 
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his nearest limb from a well-defined point of land on the 
same level with the eye and to the right of the sun was 
95^ 16'; index correction of the altitude sextant was 
50" — , and that of the other was 1' 10"+; the correc- 
tion for height of the eye (14 feet) in taking the sun's 
altitude was 3'41"— ; required the true bearing of the 
point of land ; the sun's declination being 22® 24' S. and 
semidiameter 1 5' 45". Ans. Bearing, N. 1 9° 0' 30" W. 

2. When the object is elevated above the level of 
the eye it is necessary to observe its altitude. 

In the preceding example, suppose the object observed 
to be a mountain the altitude of whose summit is 10°, 
required the true bearing of that point. 

Jns. N. 17® W. 

TRIGONOMETRICAL SURVEYING. MEASUREMENT OF AN 

ARC OF THE MERIDIAN. 

The system of rules and operations by which the 
relative position of any number of points in a tract of 
country may be determined, so that it may be deli- 
neated on a plane surfece, is called Trigonometrical Sur^ 
veying. When the extent of country is not great, the 
subject involves little difficulty; but when a kingdom 
such as Britain or France is to be surveyed, the aid of 
astronomy and other branches of natural philosophy is 
required. In a survey, the most remarkable objects, 
such as the summit of hills, spires, towers, &c. must be 
chosen as stations, and, if necessary, marked by signals. 
These must be considered as joined by straight lines, 
forming a chain of triangles, connecting each with all 
the others. The sides of the triangles should be as long 
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as possible, so as to admit of the stations at any tvo of 
the angles being seen from the third ; the nearer each 
triangle approaches to the equilateral form the better. 
Supposing a proper disposition of the triangles to have 
been made, when their angles are known, if a side of any 
one of them were also known, then the sides of all the 
others might be found by calculation, and a plaa of the 
country constructed. 

A small extent of the earth's surface may be regarded 
as a plane, and lines perpendicular to it as parallel to 
one another. In an extensive survey, however, such as 
that of England, the curvature of the earth must be ta- 
ken into the account, and then its figure and magnitude 
enter as elements into all the calculations. This con- 
nexion between the figure of the earth and the magni- 
tude and position of lines traced on its surface affords 
conversely the means of determining the former when 
the latter are known ; so that such surveys, besides their 
immediate object, are applicable to the solution* of the 
still more important problem of finding the magnitude 
and figure of the earth itself. 

When a tract to be surveyed has been covered with a 
series of triangles, so as to connect the principal points, 
and all the angles of each and a side of one are known, 
the sides of all the triangles may be found by calculation, 
and a plan made by constructing the triangles on the 
sides of each other ; but in a plan so constructed any 
error made in the value of one of the sides or angles 
will produce corresponding errors in all the others. 

To avoid as much as possible this source of error, we 
may determine the position of a side of one of the tri- 
angles with respect to the meridian, by compass, or more 
accurately by astronomical observations (see Pkx>blem 
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1 83) ; and then calculate the distances of all the stations 
from such meridian, and also the meridional distance of 
one station from the other; from these distances the 
position of each station may be laid down in the plan 
independently of the others, and also the direct distance 
between any two points may be easily found. The man- 
ner of proceeding will appear from the following Problem. 
[184]. (Fig. 59.) Let A, B, C, D, E, F, be six 
stations connected by four triangles ABC, BCD, BDE, 
EDF ; the angles are : 

BAC = 79° 20' CBD = 39° 20' 

ABC = 51 31 BCD = 69 28 

ACB = 49 9 BDC= 71 12 

DBE = 45 28 EDF = 62 3 

BDE = 72 3 DEF = 52 25 

BED = 62 29 DFE = 65 32 

A side, AB, of one of the triangles is 4213 yards, and it 
makes with the meridian, NS, an angle SAB=62°52' at 
the point A ; and the station F makes at the point S an 
angle ASF with the meridian = 52° 40'. It is required 
to find the points in which perpendiculars from the sta- 
tions will cut the meridian, and the length of each per- 
pendicular. 

SOLUTION. 

1. Draw Bi, Cr, Drf, Ee, Ff, perpendicular to the 
meridian, and Bn, Dq, parallel to it, forming the right- 
angled triangles ABb, BCm, BDn, EDp, FD^. Because 
the angles of the four triangles ABC, BCD, BDE, DEF, 
are given, and also AB, a side of one of them, the five 
lines AB, BC, BD, D£, DF, may be found from AB and 
each other (their logarithms are : 

AB=:3-624591. BD=3-733559, DF=:3-578533, 

BC= 3-738255, and DE=3-638690). 
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2. Id the right-angled triangle AB6, the side AB (or 
its log.) and the angle BAb = 62^ 52^ are known, hence 
we find A6 = 1921-4, BA=3749-3 yards. 

3. If from ABm= 117° 8f (the supplement of BA6) 
the angle ABC = 51° 31' he taken, there remains 
CBm=65°37'; therefore in right-angled triangle CBm 
the angles and the log. of BC are now known, hence 
we find Bm=2259-6 and Cfii=4985-2. 

4. And if from CBm=65°3r CBD=39°20' he sub- 
tracted, there remains DBn=:26°17'; therefore, in the 
right-angled triangle DBii the angles and the log. of BD 
are known, and hence B«=4854-7 and D»=2397*6. 

5. From BD^=153°43' (supplement of DB«) sub- 
tract BDE = 72'^3', and there remains EPp = 81®40'; 
then in the right-angled triangle £D/i the angles and 
the log. of D£ are known, and thence Dp = 630*7, 
Ep=43061. 

6. Subtracting EDF= 62^3' from EDp = 81°40', 
there remains FD^ = 19°37'; and hence in the right- 
angled triangle DF^ we find D^=35691, Fy=12721. 

To determine the stations, we have now : 

Ah = 1921-4 Bb =3749-3 

Ac = Aft + Bm= 4181-0 Cc = Cm— B* = 1235-9 

Arf = A*+B»= 67761 Dd=Bb-I)n = IS5V7 

Ae = Ad+Dp = 7406 8 Ee = Drf+Ep = 5657*8 

A/= Arf+D^ = 10345-2 F/= Dd+Fq = 26238 

By these numbers, the position of each station may 
be laid down with great accuracy in a plan, independ- 
ently of the others ; also the distance between any two 
may be readily found ; for example : 

CE= v'{(Cc+Ee)2-f(Ae-Ac)2} 
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Lastly, We know by observation that the bearing 
of F from S is N. 52° 40' E. ; hence in the right-angled 
triangle F/S we find S/=200-2 yards ; adding this to 
the line Af, we have the length of the meridian line be- 
tween the stations A and S = 12346*4 yards. 

The above method of measuring the meridian line 
between two distant stations, furnishes, as we have said, 
the means of finding the approximate length of a degree, 
and thence, on the supposition of the earth being an 
exact sphere, the magnitude of the earth ; for we have 
only to determine by observation the difference of lati- 
tude between the stations A and S, and then divide the 
whole length of the arc, found as above, by the number 
of degrees contained in it ; the result multiplied by 360 
will give the circumference of the earth. Thus, let us 
suppose the latitude of A has been found by some of the 
preceding problems to be 49° 48' 6*4" N., and that of S 
49° 42' 4-86" N., and the length of the line AS to be 
12346 '4 yards ; then by a common proportion we easily 
find that the length of a degree is about 69 miles. 
Picard, in 1670, by observations and measurements con- 
ducted in a manner similar to the above, found the 
length of a degree of the meridian in latitude 49° N. to 
be 364881 feet, which differs only 35 yards from what 
is now considered as the most exact length ; an ac- 
curacy, however, which, considering the imperfection of 
his instruments, must be supposed to be quite acci- 
dental. 

Similar observations and measurements have since 
been made in different parts of the world, from which it 
appears that the lengths of a degree of latitude are not 
invariable, as would be the case if the earth were a 
sphere; but that they increase from the equator to the 
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poles; suggesting to us the figure of an oblate sphe- 
riod. 

The following table contains the results of such 
measurements : — 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 



Country. 



Sweden 

Russia . 

England 

France 

France 

Rome • 

United States 

Cape of Good Hope 

India .... 

India .... 

Peru .... 



Latitade of middle 

point of arc 

measured. 



// 



66 20 10 

58 17 37 

52 35 45 

46 52 2 

44 51 2 

42 59 

39 12 

33 18 30 

16 8 22 

12 32 21 

1 31 



Length of 
1** in feet 



365782 
365368 
364971 
364872 
364535 
364262 
363786 
364713 
363044 
363013 
362808 



All the observations recorded in the above table 
(with one exception*) prove that the curvature of the 
earth must diminish from the equator to the pole : this 
is sufficient to shew that the earth is not a sphere, and 
that, in fact, it must approach in form to that of an 
oblate spheroid. 

Assuming it to be such a figure, we may compute 
the lengths of the equatorial and polar diameters from 

* The degree measured at the Cape of Good Hope. There is 
reason, hovirever, to believe that some error has crept into this 
survey, which will no doubt be discovered, as the observations and 
measurements of La Caille,who measured this arc, are at this time 
under revision by the astronomer at the Cape. 
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the measured lengths of a degree of the meridian in two 
places di£fering considerably in latitude. 

As this knowledge of the dimensions of the earth is 
necessary in several important problems in nautical as - 
tronomy, we will here investigate an expression for cal- 
culating the major and minor diameters q q^ andppi, 
and also the distance CA of any point A from the center 
of the earth. 

To determine the lengths of the equatorial and polar 
diameters of the earth. 




Letpqpi qi represent a section of the earth passing 
through the poles, pp^; A and B the middle points of 
two degrees a a^, b b^, the lengths of which are supposed 
to be known from the preceding table. 

Draw AG a normal at A; then (def. p. 101, Trig. 
Part I.) the angle AGq is the latitude of A. 

Let / and l^ represent the latitudes of A and B ; 
a and b the semi-major and semi-minor axes ; 
n the normal AG at A ; 

D and D^ the lengths of a a^ and b b^, the degrees 
in latitudes A and B, known from observation. 
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Then dicle of currature at A=d60 x D nearly ^2 «r 

.'. radius of curvature r= — =57*29577 xD 

2ir 

Similarly radius of curvature Tj at B=57'29577 x D^ 

The difference of the equatorial and polar radii is 
small : call this difference c ; then an approximate value 

* c^ 

of c may be found (by neglecting terms involving -5, &€•, 

which are small), and thence a and b. This may be 
done by expressing the normal n in terms of a and c 
and the latitude /; and then, by differential calculus, 
n in terms of r. A similar expression being found foi 
Ti, one of the unknown terms a c may be eliminated 
between the two expressions, and the other determined; 
thus : 

Let the coordinates CN and AN of the point A be 

denoted by x and y ; then 

52 
(by conic sections) y^="2 {^^^) 



and subnormal GN= 



a" 

fl2 



• • 



• • 



In triangle AGN, y=nsin./, and GN=ncos./; 
T, (a^—3p) = V? sin.^ /, and -5- = « cos. / 

a?2= -— cos. 2 / in last equation. 



Substituting this value of x^ in former equation, 

f:(fl2_l^cos.2/)=«2sin.2/ 

€?^ b^ ' 

whence n2= 5- — 75 

a2(l ^2~8^»- 
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a a^ 

but c=fl— ft .•. ft=cf-^<? 

n=-(l "2 — sm.20 ' 

=— (1 • 810.2 /)"'* nearly, siiice -5 is small 

a a '' a* 

V c 
sE— (1 +- sin.2/) neglecting terms involving 

higher powers of - 

Again, r= ^^ = -^ 

and «2--QN2^AN2 

J|8=:~ (62x2 + 03 (aa-.«2)}* 

Sabgtitating this value of the nnmerator m r, we have 

=— (IH sin.2 nearly 

a ^ a 



•r 



(a— c)2 3c. 2 
a a 

= (a-2c+— V (l+—8m.2 2) nearly 
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r=s (a— 2c) • (H — sin.^ t) nearly 

Similarly ri= a+3c sin.* /i— 2c 
r — ri= 3 c (sin.^ /— 8in.2 /j) 

c= "^^^ 

3(8in2/-8in.2/i) 

= QA ^'"2?""^'L^ (pqttiDgm=57'29577) 
3(8in//— siii.^/i) '^ ° -^ 

or c (in miles) = ^^^ ^^ ^^^ cosec, (/+/i)co8ec; (/-/i) 

Hence this rule to compute c. ^ 

Add together the constant log. 3*558367 (the log. 

of - — -—^rr — r ), the log. of the difference of the lengths 
o X 17o0 X o/ 

(in feet) of a degree in the two latitudes, and the log. 
cosecants of the sum and difference of the two latitudes : 
the natural number of the sum (rejecting 20 in the index) 
will be the value of c (the difference between the semi- 
major and semi-minor axes) in miles. 

EXAMPLES. 

Find the value of c from the measurements (2 and 
9) of a degree in Russia and India (see Table). 

/ =58° 17' 37" const, log "3-558367 

/i=16 8 22 log.(D— Di) . . 3-366236 

/+/ =74 25 59 ^^^' ^°®®^- ^^+^i) 0016230 

/_/ _42 9 15 log. cosec. (/— /i) 0-173195 

log. c =1114028 

D =365368 •*• c=13-00 miles. 

Di= 363044 

D-.Di= 2324 
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With the measurements in England and India (3 
and 9), the value of c= 12*58 

Measurements 1 and 11 c= 12*83 

3 „ 10 (?=1213 
2 „ 10 c=12-59 

mean value of c= 12*64 nearly. 

The value of c being found, we may compute a by 
the formula, 

r=a— 2(?+ 3c sin.^/ 

whence 

«=r 4- 2c— 3<? sin.2 / 

»i(D— Di) 



=mD4-(2-3sin.2/). 



3(sm.3/-8in.2/i) 



_OT 2 (D-Di) -f 3 (D^ sin.g /-D sm,^l{) 
3* sin.^/— 3in.2/i 



57*29577 
9x1760 



(2 D — Di + 8 Dj sin.* I— D sin.' /j) cosec Z+Zj cosec. /— /j 



Hence this rule to compute the semi- major axis a. 

To the log. of the length of a degree (Dj) in feet, in 
one latitude, add twice the log. sine of the other lati- 
tude. Again, to the log. of the length of a degree (D) 
in one latitude, add twice the log. sine of tlie other lati- 
tude (rejecting 20 from the index in each case.) Take 
the difference between the natural numbers of the result- 
ing logarithms, and multiply by 3. Add thereto twice 
the difference between the lengths of a degree in each 
latitude, and take out the logarithm of the result. To 
this logarithm, add const, log. 3*558367, and the log. 
cosecants of the sum and difference of the two latitudes. 
The sum (rejecting the tens in index) is the log. of the 
semi-major axis a, which find in the tables. 



56 



VALUE OF COMPRESSION >• 

a 



EXAMPLE. 



Find the value of a (the semi*major diameter of the 
earth) from the measurements (3 and 10) of a degree 
in England and India (see Table). 



/ = 






52^ 35' 45" 
12 32 21 

40 3 24 



D =364971 
Di=363013 

1958 
2 



log. Di 5*5599222 
log. sin./ 9-9000231 
log. sin./ 9-9000231 

5-3599684 
229070 
17203 



211867 
3 



635601 
2 (D-Di) 3916 

639517 



2 (D-Di)=39I6 

log.D 5-5622584 
log. sin. /j 9-3366737 
log. sin. /i 9-3366737 

4*2356058 
17203 

const, log 3-5583670 

log. cosec. (/+/,) 0-0422486 

log. cosec. (/-/,) 0-1914211 

log. 639517 . . . 5-8058521 

log. a . . 3-5978888 



semi-major diameter a = 39 6 1 * 7 miles . 

Using Nos. 3 and 9 a=3961-8 

" 2 „ 10 a=3962-6 

Hence the mean value of a =3962 miles, and of 
c=12-64 miles; .-. i=3962— 12-64= 3949 miles nearly, 
c , . . . .V 12-64 1 



and - (called the compression) = 



3962 313-4 
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The distance CA of any point A on the sur&ce of 
the earth from the center C will he useful hereafter in 
finding the correction of the moon's equatorial horizontal 
parallax. It may he computed as follows : 

CA2=CN2+AN2 

V 
and (come sections) 8uhnor.GN=>^GN 

.•. CN=T7:.GN=r7:«COB. / 

a^ V^ c , 
=70. — (IH — sin.2/)cos./ . . • (p. 53) 

=fl COS. / (1 H — sin.^ 

V^ c . 
and AN=» sin. /=— (1 H — sin.^ /) sin, / 

a ^ a ^ 

= (?Zf>!(i4.£sin.2/)8in./ 
a ^ a ^ 

=(a— 2cH — j . (1 H — sin.^/) sin. / 

=2 (a— 2c) . (1 H — sin.2 /) sin. / nearly 
Substituting these values of ON and AN, 
CA2= {a2 C0S.2 /+ (fl-2c)2 8in.2 /} . (1 + - 8in.2 1)^ 

«(aSco8.«/+tf«8in.a/-4ac8m.«/+4c8 8in.«/).(l+— sinV) 

nearly 

=0^+ 2ac sin.2 /— 4ac sin.^ / nearly (neglecting other 

terms, which are small) 
=a2— 2flcsin.2/ 
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.-. CA=a (1 -- sin.* /)*=« (1 - - sin.* nearly 

a a 

=fl-csin.2/=3962- 12-64 sin.*/. 

Hence this rule to find the distance of any place AB 
from the center of the earth. 

To the constant log. 1-101747 (the log. of 12-64) 
add twice the log. sine of the latitude of the place : the 
natural number of the result (rejecting the tens in index) 
subtracted from the semi- major diameter, 3962, is the 
distance required. 

EXAMPLE. 

Required the distance of a place in latitude 50° 48^ 
from the center of the earth. 



const, log. 
log. sin. lat. 



log. cor. 
.*. cor. 



1-101747 
9-889271 
9-889271 



. 0-880289 
7*6 miles. 

Hence distance from center =3962—7-6=3954-4 miles. 
The preceding formulae will enable us to investigate 
an expression for computing the reduced latitude AC^ 
(or, as it is sometimes called, the latitude on the sphere, 
or central latitude) from the true latitude AGq, the lati- 
tude on the spheroid. 

Let true latitude AGq=l 

and reduced lat. AC^=/i 

then /— /i=the correction required. 

, AN , AN 

tan. e =■= — tan. / 1 = 

GN * CN 

tan./ CN a^ ,. -.. ^^^^t c^\ 

••. : 7=rrxT=T5 (since GN=-2CN, p. 57) 

tan. /i GN i^ ^ a' " ^ 
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/. tan. /i=:-5 tan. J=:^ — 5-^ tan. / 



fl2 a2 



2c\ 
= (1 ) tan. / nearly. 



Now tan. (/— /i)= 



2cy 
a 

tan. /—tan. /i 



1 + tan. /. tan. /i 

tan./. (1-1+—) 

a / 

l + tan.2/(l-?^) 

2c tan./ c . ., 

; — . —- 5-=- sin. 2/ 

a l+tan.^/ a 

1 



sin. 2/ 



313-4 

Since /— /i is only a few minutes, the circular mea- 
sure f — ^ j may be substituted for tan. (/— /i) ; 

,, -,. . 57^-29 577x60 . ., 

/. arc (/— /i) m mm.= Trrr-^ . sm. 2 / 

313*4 

= 11 sin. 2 /nearly. 

Hence this rule for finding the correction of the lati- 
tude for the spheroidal figure of the earth. 

To the constant log. 1*041393 (the log. of 11) add 
the log. sine of twice the latitude (rejecting 10 in the 
index) : the natural number of the result will be the 
correction required. 

EXAMPLE. 

The true latitude of a place being 54^, required the 
central or reduced latitude. 
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const, log 1-041393 

sin. 108** .... 9^978206 

log. cor 1-019599 

.-. cor. 10'-46=10'26" 
and reduced latitude=54^-10' 26"=53° 49' 34 ' 



SOLUTIONS OF PROBLEMS. 



SECTION I. 

PROBLEMS IN SURVEYING, &c. 



PaOB. 1 (Kg. 17). 

Let Cb represent the height of tower=216 feet 
Aa the height of spectator's eye = 5 feet 
AB or ab the width of river. 

Suppose AB parallel to horizontal line ab : join CA ; 
then CAB the angle of elevation = 47° 56', and CB = 
height of tower —5= 211 feet, are given, to find AB or 

ab, the width of river. 

AB 
In right-angled triangle ACB, 57;; = cot. CAB (Art. 

5rf,p. 2*). 

.-. AB=BC.cot.CAB 

In logarithms, 
log. AB = log. BC + log. cot: CAB - 10 (Rule 1 3, p. 30.) 
=log.211+log.cot.47° 56'-10 

Calculation, 

log. 211 2-324282) jQ 

log. cot. 47° 56' . . . 9-955453) 

log.AB 2-279735 

.*. AB= 190*4 feet, the width of river. 

* The references are to Trigonometry^ Fart I. 
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Prob. 2 (Fig. 53). 

(1.) In right-angled txiangle ABD, given AD=100 
feet, and angle B=36^ 48^, to find BD. 

(2.) In right-angled triangle ADC, given AD =100 
feet, and angle C=54° 30', to find DC. 

Then BD+DC=BC, the line required. 

Calculation. 
BD 
In triangle ABD, ^y^^^^^- ^ 

or BD=ADcot.B 

.-. log. BD=log. AD+log. cot B— 10 

=log. lOO-l-log.cot. 36^ 48'— 10 

log. 100 2-OOOOOOJ jQ 

log.cot.36° 48' . . , 10-1260433 

log.BD 2*126043 

.-. BD= 133*7 feet. 

DC 
In triangle ADC, ^Yi=^°** ^ 

AD 

or DC = AD cot. C 

.-. log. DC=log. AD+log. cot C— 10 

=log. 100+log.cot. 54** 30'— 10 

log. 100 ..... 2000000) jQ 
log. cot 54° 30' . . 9-8532683 

log. DC 1-853268 

DC= 71-3 
and BD=133-7 



.-. BD+DC=2050feet 

Pkob. 3 (Fig. 17). 

In right-angled triangle ABC, given AB= 200, and 
A=67°, to find BC and AC, the other two sides. 
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(1.) To find BC. 
BC 

-r7r=tan. A 

AB 
or BC=ABtan.A 

.-. log.BC=:log.ABH-log.tan.A— 10 

log. tan. A . » . 10-372148? ,Q 
log.AB . . 2-3010303 

log.BC . . . 2-673178 
.-. BC=47M 

(2.) To find AC. 

^=8ec.A 

or AC=AB8ec.A 

.-. log.AC=log.AB-|-log.sec.A— 10 
log. sec. A . . . 10-408122? 
log.AB . . . 2-301030) 

log. AC , . . 2-709152 
.-. AC=511-9 
AB=200 BC=47M andAC=511-9 
.-. ABH-BC + AC=1183 feet = perimeter of triangle 

=•224 of a mile 
Hence 4 : -224 :: 60 : a? (time required) 

log. -224 . . . 1-350248 
log. 60 .... 1-778151 

1-128399 
log. 4 . . . • 0-602060 

log. 07 0-526339 

.*. 07=3*36 min. or 3 min. 21*6 seconds. 
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PaoB. 4 (Fig. 53). 

In triangle BAG, AC=AB» and AD the perpendi- 
cular upon BC bisects angle BAG and side BG. 

•'. DG=50 feet, and angle DAC=75^ are given, to 
find AG. 

AC* 

In triangle ADG, =rr^=: cosec. DAG 

or AG = DG . cosec. DAG 

.'. log. AG=log.DG+log. cosec.DAG— 10 

log.DG 1-698970) jQ 

log. cosec. DAG . . 10-0150563 

log.AG 1-714026 

.•. AG=51-77 feet. 

Pkob. 5 (Fig. 18). 

Let AG represent the broken piece = 39» A the 
point where it struck the ground, and AB the distance 
of its top from the base = 15; representing the known 
quantities AG by a, and AB by b, and the unknown 
part BG left standing by jp, we have, in right-angled 
triangle ABG, a?2— ^2-^2 

= (a+b) . (a-5) . . . (Part I. p. 55 ) 
In logarithms, 

21og.j?=log. (a + ft) + log. (a— ft) 
.-. log.j?=i{log.(a-|-ft)+log.(a-ft)} 

fl=39 log. o+ft . . 1-732394 

ft=15 log.fl~ft . . 1-380211 

a+b::^4 2 )3-112605 

a- ft =24 log. a? . . . 1-556302 

.-. d?=36 
; • whole height of pole = 39 + 36= 75 feet. 
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Pkob. 6 (Fig. 19). 

Let D and E be the ^rindows ; DC=EC the ladder 
=36= a, BD height of lower window =1 8*9= ft, and 
AE height of other window =30-7=c. 

Draw FD parallel to AB, then FDE is the angle of 
elevation of E above D. 

Let this angle be denoted by 0, BC by x, AC by y. 

(1.) In triangle ACE y^=a^'-(^=(a + c) .(a-c) 
(2.) In triangle CBD af^=a^'--i^=(a'\-b) .{a^b) 

From these equations a? and y may be found as in 
the last problem, viz. cr=30*7, and y=18'8. 

, EF c-6 
tan. ^ = — =r = 



FD d?-|-y 
• '. log.tan. d— 10=log. (c--6)--log. (a?+y) 
or log. tan. d=10+log. (c— ft)— log. (^r+y) 

c=30-7 log.(c— ft) + 10. 11-071882 

ft=18-9 log.(a?+y) . . 1-694605 

c— ft = ll-8 log. tan. ^ . . 9377277 

^="30^7 .-. d = 13°24'30" 

y = 1 8-8 Breadth of street 49-5 feet 

^^y— 49-5 and angle of elevation 13° 24' 30" 

Prob. 7 (Fig. 17). 

Ex. 1. Let BC represent the height of tower =x 
AB the base measured =a 

and angle BAC observed =A 

In right-angled triangle BAC, — =taii.A 

or ^= a tan. A 

.'. log.j?=log. a+log.tan.A— 10 

F 
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fl=50 log.o . • 1-698970) jQ 

A=25°17' log. tan. A . 9-6742573 

log. if . . 1-373227 

whence height jr=23*6 yards. 

Ex. 2. In this example, since BAC=45^ 
.•• BCA=45° and BC=BA=12i yards. 

Pkob. 8 (Fig. 20). 

Ex. 1. Let C be the place of the ship, AB the base 
= 1000 yards, A =32° 10', and B=83° 18'. 

In triangle ABC, the side AB (or c) and the two 
angles A and B are given, whence C may be found, and 
(by Rule III.) the side CA (or b). 

b : c :: sin. B : sin. C (by Rule III.) 

A= 32*^10' log.c . • 3-000000 

B=83 18 log. sin. B . 9-997024 

115^28' 12-997024 

180 log. sin. C . 9-955609 

.•• C=64° 32' log. ft . . 3-041415 

.'. 6=1100-1 yards. 
Ex 2 

AH-B= 80°+ 50°= 130° 

.-. C=180°-130°= 50°=B 
. * . sides opposite to B and C are equal, or AC= 2-5 miles. 

Prob. 9 (Fig. 20). 

The solution of this problem is in all respects simi- 
lar to the last : thus, 

To find AC . • AC : AB :: sin.B : sin.C 

To find BC . . BC : AB :: sin. A : sin.C 

whence AC=9*478, and BC=9'52 miles. 
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Prob. 10. 

Let ABC be an isosceles triangle, A the vertical 
angle, draw AD perpendicular to BC (as fig. 53) ; AD 
bisects the vertical angle, and also the base BC ; there- 
fore, in the triangle ADC, DC =60 and angle DAC= 
23^ Btf are given, to find AC. 

— —rscosec.DAC 
DC* 

or AC=DCcosec.DAC 

. • . log. AC =log. DC + log. cosec. D AC — 10 
whence AC or AB= 150*5 feet. 

Fbob. 11. 

(In fig. 17) draw BD perpendicular to the hypo- 
thenuse AC : it is required to find BD, having given 
AB=:18andBC=24. 

(1.) Find angle A. 

tan. A= — IT 
AB 

(2.) Given AB and A in right-angled triangle ADB, 

to find BD. 

BD 

-nr=8in. A 
AB 

Calculation. 

(1 .) log. tan. A— 10=log. BC— log. AB 

log. tan. A=log. BC+ 10— log. AB 

log.BC+10 . • . 11-380211 
log.AB 1-255273 

log. tan. A . . . . 10- 124938 
.:. A=53<»7'45" 
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(2.) log. BD=log. AB+log. sin. A- 10 

log.AB 1-255273) _j^ 

log. sin. A .... 9-903085 ji 

log. BD 1-158358 

• •. BD=14-4 

Peob. 12 (Fig. 21). 

Ex. 1 . Let AB represent the height of tower, D 
and C the stations ; then DC= 100 yards, ACB=46'' 15'. 
andADB=31°20'. 

(1.) In the triangle ADC are given DC= 100 yards, 
ADC=:31° 20', and DCA=(180'*-46^ 15')=133^ 45'. 
to find AC. 

(2.) In the right-angled triangle ACB are given AC 
and angle ACB, to find AB. 

Ex. 2. In this example, CD=300, ACB=58^ and 

BDA=32°. 

Calculation Ex. 1. 

AC : DC : : sin. ADC : sin. DAC 

ADC= 31^20' log. DC . . 2000000 

DCA=133 45 log. sin.ADC 9-716017 

165 5 11-716017 

180 log. sin. DAC ^-410632 

.-. DAC= 14^55' log. AC . . 2305385 

.-. AC=202 
AB 
Then T77=8in. ACB, or AB=AC sin. ACB 
AC 

.-. log. AB=log. ACH-log. sin. ACB— 10 

log. AC . .. 2-3053851 j^j 
log. sin. ACB 9*858756 J 

log. AB . . 2-164141 
.\ AB= 145-9 
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Prob. 13 (Fig. 21). 

The solution of this problem is similar to the last. 
Let AB represent the height of cloud, D and C the two 
ships; then DC=880 yards, ADC=35°, ACB=64° 
.'. DCA=116<^, and DAC=29°. . 

To find log. AC . . AC : DC:: sin. ADC: sin. DAC 

log. DC 2-944483 

log. sin. ADC . . . 9-758591 

12-703074 
log. sin. DAC . . . 9*685571 

log. AC 3-017503 

AR 
To find AB . . . T^=8in. ACB 

AC 

AB=AC sin. ACB 
log. AB=log. AC + log. sin. ACB— 10 

log. AC 3-017503 

log. sin. ACB . . . 9-953660 

log. AB 2-971163 

.-. AB= 935-6 yards 
and height above sea=935'6+ 7=942*6 yards. 

Peob. 14 (Fig. 21). 

Let AB represent the tower, C and D the stations ; 
then CB = 200, DB = 350, and angle ACB = 39°. are given, 
to find height AB and angle ADB. 

AB 
To find AB . . . KH=tan. ACB 

OB 

AB=CB tan. ACB 

.-. log. AB=log. CB+log. tan. ACB- 10 
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log. CB . . 2-3010301 jQ 
log. tan. AGB 9*908369 J 

log. AB . . 2*209399 
.-. AB= 162 nearly. 

AB 
To find ADB • • • f7H=tan. ADB 

.-. AB=:DB tan. ADB 
log. tan. ADB=rlog. AB+10-log. DB 
log. AB+10 . . . 12-209399 
log. DB .... 2*544068 

log. tan. ADB . . 9-665331 
.-. ADB=24° 50' 

Phob. 15 (Rg. 20). 

Let B and C represent the two ships, A the spec- 
tator; then distances AC and AB are known, being 
1 142 X elapsed seconds, or AC=4568, AB= 6852 ; hence 
in the triangle ABC are given two sides, and included 
angle A=48® 42', to find the third side. 

Calculation (by Rule V.). 

constant log. . . 10*602060 
log. hav. 48° 42' . 9230447 



log. 6852 . . 
log. 4568 . • 


. . 3-835817 
. . 3-659726 






2)27-328050 




log. 2284 


13-664025 . 
. . 3-358696 


\ . . 13-664025 


log. tan. 


. . 10-305329 


log. sin. 9-952403 



log. 3d side . . 3-711622 
3d side=5147-9 feet. 
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Ex. 2. AC=: 1 142 X 10=11420, and 

AB= 1142x5=5710, andangle=z60^ 
.•. 3d 8ide=9889-8 feet. 

Pros. 16 (Fig. 21'). 

Let AB represent the ship's mast, C the other ship's 
hull ; then if BD is a horizontal line, DBC is the angle 
of depression, and is equal to BCA ; then, in the right- 
angled triangle BAC are given AB=80 and angle C= 
20°, to find AC, 

— =cot. C 

or AC=AB cot. C 
.•. log. AC=log. AB+log. cot. C— 10 
whence AC=219-8 feet. 

Ex. 2. AB= 143, and angle C=35° 

.-. AC=204-2 feet. 

Prob. 17. 

Draw two parallel straight lines AB, CD, perpen- 
dicular to a horizontal line BD, to represent the two 
monuments; let AB=100, CD =50, and through the 
tops A, C draw a line cutting the horizontal line in E ; 
then angle E=37°; also since AB=2CD .'. BE=2DE, 
and DE=BD. 

To find DE or BD. 

In the right-angled triangle CDE are given CD =50 
feet, and angle E 37°. 

— =cot. E 
CD 

DE=CD cot. E 

.-. log.DE=log. CD+log. cot. E — 10 

whence DE=66*4 feet=BD, their distance apart. 
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Pkob. 18 (Fig. 23). 

Let AB represent the obelisk, C and D the two sta- 
tions on the declivity. 

(1.) In triangle ADC, given DC and all the angles, 
tb find AC. 

(2.) In triangle ACB, given two sides, BC, AC, and 

included angle ACB, to find the side AB, the height of 

the obelisk. 

PaoB. 19 (Fig. 24). 

(I.) In triangle CAB, the angles CAB, ABC, and 
base AB, are given, to find AC. 

(2.) In triangle DAB, the angles DAB, DBA, and 
base AB, are given, to find AD. 

(3.) In triangle ADC, the two sides AC, AD, and 
included angle CAD (the difference between CAB and 
DAB), are given, to find CD, the required distance. 

(1.) To find AC. 
First find angle C. AC : AB : : sin. ABC : sin. ACB 

CAB ... 97° 56' log. AB . . . 2-826075 

ABC ... 42 22 log. sin. ABC. 9*828578 

140 18 12-654653 

180 log. sin. ACB. 9-805343 



.-. ACB= 39° 42' log. AC ... . 2-849310 

.-. AC= 706-8 
(2.) To find AD. 

First find angle D. AD : AB : : sin. ABD : sin. ADB 
DAB ... 40° 16' log.AB . . . 2-826075 

ABD ... 113 29 log. sin. ABD. 9-962398 

153 45 12-788473 

180 log. sin. ADB. 9-645706 

.-. ADB=: 26° 15' log. AD . . .3142767 

.-. AD=:1389-2 
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(3.) To find CD. 

CAB 97^56' 

DAB 40 16 

CAD=57° 40' 

const, log 10-602060 

log. hav. A . . . . 9-366569 

log. AD 3-142767 

log, AC 2-849310 

2)-25-960706 

12-980353 .... 12-980353 
log. (AD— AC) . . 2-834039 

log. tan. . . 10- 146314 log. sin. 9-910551 

log. CD 3-069802 
.-. CD= 11 74-4 yards. 

Prob. 20 (Fig. 24). 
This useful problem is similar to the preceding. 

Pkob. 21. 

Let ACB be the right-angled triangle resting upon 
its hypothenuse, C the right angle^ and side c= 100 feet. 

Let A be the given angle=36° 40'. 

AC=^, CB=y ; and when the triangle is inclined 
at an angle of 60^ to the horizon, let the distance of 
right angle C from the horizontal plane be denoted by z. 
In this case, z will be the perpendicular in a right-angled 
triangle, of which y is the hypothenuse, and angle at 
base =60°; then to find z, 

(1.) In triangle ACB .... x=zc cos. A 
(2.) In triangle ACD .... y=j? sin. A 

y=:c COS. A sin. A 



• ♦ 
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(3.) The light-angied triang^ ACB is inclined to 
the horizon at an angle =:60P. 

.'. «=jr sin. 60P=:c cos. A mn. A sin. 6(f, by substi- 
tuting the vahie of jr. 

.*. log. j=log. c+log. COS. A+log. sin. A+log. sin. 
6(f-30. 

log. e 2-000000 

log. COS. A . . . 9-904241 
log. sin. A ... 9-776090 
log. sin. 60° . . . 9-937531 

log. j= 1-617862 

.-. 2r=41-48 

Prob. 22 (Fig. 25). 

(1.) In triangle DBC, given DC=100, D=33° 45'. 
and angle DBC=ACB-D=51°-33^ 45'=17° 15'. to 
find log. BC. 

(2.) In triangle GBE. ^ven log. BC, angle BC£= 
ACB-ACE=ll°,andangleCEB=A+ACE=:90°+40'' 
= 130°. to find BE. the required height. 

Pbob. 23 (Rg. 26), 

(1.) In triangle ACD. given CD and all the angles, 
to find AD. 

(2.) In triangle BDE. given DE and all the angles, 
to find DB. 

(3.) In triangle ADB, given AD, DB, and included 
angle ADB, to find the side AB, the required distance. 

Peob. 24 (Fig. 27.) 

(1.) In triangle ABD, given the three sides, to find 
the angle ABD, and thence its supplement ABO. 
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(2.) In triangle ACB, given the three sides, to find 
the angle CAB and its supplement BAO. 

(3.) In triangle BAO, given BA and the angles, to 
find the sides BO and AO, the required distances, 

Prob. 25 (Fig. 28), 

(1.) In triangle BAO, the side AB and all the angles 
are known, to find log. AO. 

(2.) In right-angled triangle OAC, the angle OAC 
and log. AO are known, to find AC and OC. 

Pbob. 26 (Fig. 29). 

(1.) In oblique-angled triangle ACB, given side AC 
and all the angles, to find log. AB. 

(2.) In right-angled triangle ABH, given angle BAH 
and log. hypothenuse, to find height BH. 

Pbob. 27 (Fig. 29). 

Let BH represent the tower, A the place of the 
observer due south of tower, AC a straight line drawn 
due east, or at right angles to AH. 

(1.) In triangle ABH are given, height of tower BH 
= 100 feet and elevation BAH=50^, to find side AH=: 
83-9. 

(2.) In right-angled triangle ACH, right-angled at 
A, are given AH and AC, to find CH=311-6. 

(3.) In right-angled triangle BCH, given BH and 
CH, to find angle of elevation BCH= 17° 47' 45". 

Pbob. 28 (Fig. 30). 

Let A and B be the two observers, C the balloon ; then 
angle of elevation CAD=20° 

horizontal angle NAD =45°, the bearing of C from A 

ABD=114° „ CfromB 



76 SOLUTIONS OF FROBLEUS 

(1.) In horizontal triangle ADB are given the side 
AB=4000 yards, ABD= 1 1° 15', and DAB= IStf'— 45^, 
to find log. AD. 

(2.) In vertical right-angled triangle ADC are given 
log. AD and CAD =20°, to find CD, the height of balloon. 

Pbob. 29 (Fig. 31). 

(1.) In triangle BCD, given DC =18, the angle 
BCD=90°-40°, and angle BDC=90°+ 37° SCy, to find 
log. CB. 

(2.) In right-angled triangle ABC, given log. CB 
and ACB=40°, to find height AB and distance AC of 
steeple. 

Pbob. 30 (Fig. 32). 

(1.) In triangle BRS, given BR=54 feet, angle RBS 
=90°=4° 52', and angle BSR=4° 52'-4° 2', to find 
log. RS. 

(2.) In right-angled triangle SAR, given log. RS, 
and ASR=NRS=4° 2', to find AR the height and AS 
the distance. 

Pbob. 31 (Fig. 33). 

(1.) Let CD be the breadth of the river; then in 
triangle ABC, given AB=500, and all the angles, to find 
log. BC. 

(2.) In right-angled triangle DBC, given log. BC and 
angle B=79° 12', to find perpendicular CD, the breadth 
of river. 

Or thus, 

T ^ • 1 A n/>i S^ s^'^' A sin. A 
In triangle ABC . . -t^=-^ — j:^=- — .. , p, 
° AB sm. C sin. (A+B) 

.'. BC=AB sin. A cosec. (A-j-B) 

In triangle DBC, DC=BC sin. B 

=AB sin.A sin.B cosec.(A+B) 
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Prob. 32 (Fig. 34). 

Let AB be the sloping base, AD, BF horizoDtal lines 
in the vertical plane ACD, and CD the height of the 
hiU; then the angle CBF=46° 15', CAD=40° 10'. 
EBF=EAD=10°5'. 

/. CBE=CBF-EBF=36° 10' 
CAE=CAD-EAD=30° 5' 
.-. ACB=6° 5' 
(1.) In triangle ACB, find log. AC. 
(2.) In triangle ACD, find CD= 1221, and adding 
height of eye 5 feet, the height of hill=:1226 feet. 

Phob. 33 (Fig. 35). 

Let A be an object which we may suppose on the 
top of a hill, and B and C two stations on its sloping 
side. Conceive a horizontal plane to pass through the 
lowest, C, and let Aa Bb be perpendiculars on that plane, 
meeting it in a and b ; join the points A, B, C in the 
oblique plane and the points a, b, C in the horizontal 
plane, and draw BD perpendicular to Aa; then AaC, 
B6C will be right-angled triangles, and BDab a paral- 
lelogram. 

There are given, BC the distance between the sta- 
tions =220 yards, horizontal angle iCa=62° 33' sub- 
tended by A and B at C, horizontal angle C5a=70° 15' 
subtended by A and C at B, and the vertical angles ACa, 
BCb the elevations of the object A and upper station B, 
to find the horizontal distances ba, Ca, and the heights 
Afl, AD. 

(1.) In the right-angled triangle B5C, the hypothenose 
BC=220 and angle BC*=8° 32'. 

.-. perpendicular B6=:32'6, and base C6=217'6. 
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(2.) In the horizontal triangle abC, the side C&= 
217-6, the angles abC^ytf" 15', and aCb=6^ 33'. 
.-. a6=26d-l, andaC=279*l. 
(3.) In the right-angled triangle AaC, the side aC= 
279*1, and the acute angle ACa=32° 12'. 

.•.Aa= 175-7. 
(4.) And since Da=Bft= 32-6, 

.-. AD=Aa— B*=1431. 

Peob. 34 (Pig. 35). 

(1.) In right-angled triangle BCd, BC=220 yards 
and 30^=8*^ 32*. 

.-. Bft=Da=:32-6. and C*=217-6. 
(2.) In triangle ABC, the side BC=220 and the 
three angles are known. 

.-. log. AC=2-518244, and AB=299-5. 
(3.) In right-angled triangle AGo, log. AC= 2*5 1 8244 
and angle ACa=32° 12'. 

.-. Aa= 175-7, and Cfl=: 279-1. 
(4.) In right-angled triangle ABD, AD=Aa— B5s= 
175-7-32-6=143-1, and AB=299-5. 

.-. te=BD= 263-1 yards. 

Peob. 35 (Fig. 36). 
(1.) In the triangle CAD, CD=549*4 yards, angle 
C=57^andCDA=14^ 

.-. CAD=109^andAD=487-27. 
(2.) In triangle ABD, AD=487-27 and the three 
angles are known. 

.•. AB= 349-52, and BD=498-7. 

Peob. 36 (Rg. 37). 
(1.) In triangle AFC, ^ven CA=3000, C=8(f Iff, 
and CFA=25° 8', to find FA=6959. 
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(2.) In triangle ABF, given FA=6959, AB=2000, 
and included angle FAB=d4'> lO'; hence FB=5422, the 
distance required. 

Pbob. 37 (Fig. 38). 

Describe a circle passing through the three points 
A, B, D, and join AE« EB. Then (by Geometry) since 
^gles in the same segment are equal, 

.-. EAB=EDB=15° 30', and EBA=ADE=:I2° 15'. 
(1.) In triangle AEB, the side AB=5*35, and angle 
EAB=15° 30', and EBA=12° 15'. 

.-. AE=2-438. 
(2.) In triangle ABC, the three sides are given, to 
find CAB=:35° 24', and CAB (=CAB-EAB)= 19° 54'. 
(3.) In triangle CAE, the side AC=2-8, AE=2-438, 
and angle CAE=19^ 54'. 

.-. angle ACE=58° 33'. 
(4.) In triangle ACD, the side AC=2-8, ADC= 
12° 15', and ACD=58° 33'. 

.-. AD= 11-26, CD= 12-46, and CAD=109° 12'. 
Lastly. In triangle ABD, ADB = 27° 45', BAD 
(=CAD-CAB)=73° 48', and AB=5-35. 

.-. BD=ll-03. 

Prob. 38 (Fig. 39). 

Describe a circle passing through points A, B, D, as 
in last problem ; then angle ADC=128° 40' .'. ADE= 
51° 20'; join AE, EB; then EAB=EDB=91° 20'— 
51° 20'=40°, and EBA=ADE=:51° 20'. 

(1.) In triangle AEB, given side AB=267, angle 
EAB=40°, and BEA=88° 40', to find BE= 171-6. 

(2.) In tiiangle ABC, the three sides are given to 
find ABC=92° 26'; hence the angle £BC=:143° 46'. 
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(3.) In triangle CBE are given two sides and in- 
cluded angle, to find BCD=16'' 16' 30"; whence DBC 
=23° 43' 30". 

(4.) In triangle BDC are given BC and all the 
angles, to find BD=91 and DC= 131, the two distances 
required. 

(5.) In triangle ADB are given AB=267, ABD= 
68° 42' 30" (= ABC-DEC), and ADB=:91° 20', to find 
AD=:249, the third distance required,* 

Peob. 39 (Fig. 40). 

Let A he the place of the ship when the headland C 
hears due north of her ; join AC, and draw AB at right 
angles to AC ; let B he the place of the ship when the 
headland hears north-west ; draw BN parallel to AN, to 
represent the direction of the meridian, or north and 
south line; then CBN (the hearing of C from B)=z 
4 points, or 45°. 
.*. ^ ABC =4 points, or 45°, and CAB is a right angle. 

In right-angled triangle BAC are given AB— 10 
and angle BCA=45° ; hence AC and BC may be found. 

Peob. 40 (Fig. 41). 

In triangle ACB, given angle C the course of the 
ship =4 points or 45°, the angle A =45° (since B bears 
south-east from A), and side CB=14'5, to find the 
sides AC and AB. 

Prob. 41 (Fig. 42). 

In triangle ACB, the bearing of B from A is east, 
and of C from A is N.N.E. .*. angle CAB=6 pointsz= 
67° 30'; also angle ABC =4 points, and side BC=10; 
hence AB, the distance of boat from ship, can be found. 

* The answers at p. 12 are incorrect ^ 
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Prob. 42 (Fig. 43). 

Iq triangle ACB, the bearing of C from A is N.E, b. N. 
and of B from A is £. b. N. .*. angle CAB (the differ- 
ence between E. b. N. and N.E. b. N.)=4 points, or 45°. 

Again, the bearing of A from B is W. b. S., and of 
C from B is W.N.W. ,\ angle ABC=3 points, and 
side AB=Id miles ; hence the other sides may be* found. 

PaoB. 43. 

In any triangle ABC, let AB=50; make the angle 
A = 7 points, and angle B = 1 point ; then if B is due 
south of A, and C is to the westward of AB, the bear- 
ing of C from A is W. b. S., and from B, N. b. W. 

In the triangle ABC are given the side AB and all 
the angles ; hence the sides AC and CB may be found. 

Peob» 44 (Fig. 44). 

(1.) In triangle CAB, given AB = 23 miles, CAB= 
10| points, and CBA = 3| points .*. CB = 53*01 . 

(2.) In triangle ABH, given AB = 23 miles, ABH = 
8 points, and HAB = 4 points .*. AHB = 4 points, and 
BH = AB = 23 miles. 

(3.) In triangle CBH, given CB, BH, and included 
angle CBH = 4^ points, to find CH = 42*33, the dis- 
tance of cape from headland; and BCH = 2;^ points. 
Hence C bears from H 2;^ points to the left, t.e. 2;^ 
points left of W.N.W. or W.^S. 

Pbob. 45. 

This problem is similar to the last, the position and 
bearing of the bodies only being different. Make a 
figure to suit the case (roughly or by scale) by drawing 
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from a pomt A the Hne AC W.N.W., the line AB N.W.. 
and AH due north. Let AB= 6, and through B draw 
BC W.b.S.. and BH N.E.. and join CH. 

(1.) In triangle CAB, find CB = 4-13. 

(2.) In triangle ABH, find BH = 6. 

(3.) Lastly, in triangle CBH are given two sides, and 
included angle CBH = 13 points, to find CH = 9*71 
miles, and angle CHB = 13^ 40'. 

Hence C bears from B 13° 40' to the right, and 
therefore bearing of C from H is 8.(45^+13° 40') W., 
or S. 58^ 40' W. 

Prob. 46 (Fig. 46). 

Let A and C represent the stations on deck, H the 
object on shore; then angle A=3 points (the bearing of 
H from C), and angle H = 2 points (the difference of 
bearings at the two stations). In the triangle, all the 
angles are given, and also the side AC = 100; hence the 
distance AH and CH may be found. 

Prob. 47 (Fig. 45). 

Let A be the required position of the ship ; then in 
triangle ABC, the bearing of C from B is E. N.E., and A 
from B is due south •'• the angle CBA= 10 points. 
We have •". given, BC = 960, AB = 2000, and included 
angle ABC=10 points, to find the angle BAC=20° 32'; 
hence the bearing of church is N. 20° 32' E. 

Prob. 48 (Fig. 46). 

Let A be the required position of a ship ; then in tri- 
angle ACH, bearing of C from H is W. :^S. and of A 
from H is S. b. E. JE. .'. angle CHA = 9^ points. In 
triangle ACH we have given^ the two sides CH = 4*23» 
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and AH = 2*3, and included angle CHA, to find angle 
HAG s= 4^ points ; hence the bearing of C is 4-3- points 
to the left of H, that is, to the left of N.b. W.JW., and 
the required bearing is /• W. N. W. 

Prob. 49 (Fig. 47). 

(1.) In horizontal triangle ADS, given AS = 2640, 
SD = 800, and angle ASD = 3 points = 3 3° 45', to find 
AD == 2024-2. 

(2.) In right-angled triangle ABD, AD=2024-2, and 
ADB = 5^ 25', to find BA the height = 192 yards. 

Prob. 50 (Fig. 48). 

In triangle ABC, the angle ACB (the difference of 
bearings of A and B from C) is 3 points, the bearing of 
A from B is due west, and of C from B is S. W.b. W. 
.*. angle ABC=r3 points, and side AC =10 miles; hence 
BC may be found. 

Prob. 51 (Fig. 49). 

From D, the highest part of muzzle, draw DG pa- 
raUel to axis A£ of piece, then angle BDG = BCA, the 
angle required. 

Through B draw a line perpendicular to axis, cutting 
DG in H, and A£ in a point which mark K ; then in 
right-angled triangle BDH are given BD= 77*25 inches, 
and BH(=BK-DE) = 6-22~4-92=l-3 inches, to find 
angle BDG. 

Prob. 52 (Fig. 50). 

(1.) In triangle AED . . . cot. AED =-Td~T75 

.• . AED = 74^ 3' 15", and AEB = 148^ & 30"= angle of 
the tenaille. 
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(2.) In triangle BAK are given AB= 350, BK=: 100, 
and included angle ABK(=90°-74**3' 15")=15^56'45", 
to £nd AK=255'3d=AG, the line of defence. 

(3.) Since the angle of a regular pentagon =108^= 
HAH,+2BAH .'. iHAH,+BAH=54°, oriHAH = 
54^-15^56'45"=38^3'16" .-. HAH = 76° 6' 30^, the 
flanked angle. 

(4.) To find curtain FG. In triangle AED, AE = 
4/AD2+D£^ = i^l752+502=182; hence GE or EF 

= AG- AE = 255-33— 182 = 73*33. 

Then, in isosceles triangle GEF, are given two sides, 
GE and EF, and included angle GEF= 148° C 30", to 
find side GF= 141-02, the curtain. 

(5.) In triangle FEH are ^ven EH = 82, EF = 73-33, 
and included angle HEF=31°53'30" (supplement of 
148° 6' 30"), to find angle EHF= 63**; hence its supple- 
ment AHF =117° 0', the angle of the shoulder. 

(6.) In triangle FEH are given EH and all the 
angles to find FH = 43*5, the length of flank. 

(7.) And flanked angle GFH = GFE+EFH = GFE 
+ (AHF-HEF) = 15° 56* 45" + 85° ff 30'= 101° 3' 15". 

Prob. 53 a. 

Note. — The problems marked with the letter a reqoirei in 
general, a knowledge of analytical trigonometry. 

In fig. 1, suppose DB = 6 times AB, and the angle 

ACB= double the. angle D. 

AB AB 
(1.) In triangle ADB . . . tan.D =-=rp-= ^ a p ^ i 

.*. log.tan.D— 10 = log. 1— log. 6 = — log. 6 
og. tan. D= 10— log. 6 = 9'221849 
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.•• D=9°28' 

.•• angleACB=18°56'. 

(2.) To find the distance of C firom tower. 

CB 
In triangle ACB .... ■j^=cot. ACB 

.-. CB=AB.cot.ACB. 
We may either assume AB= 1, and thus get the value 
of CB in terms of AB, or find the natural cotangent of 
ACB. 

log. cot ACB = tab.log.cot. ACB— 10 [Rule 13, p. 30. 
. = 10-464672-10 = -464672 
.*. nat cot. ACB = 2-9 
hence QB = 2-9 x height AB. 

PaoB. 54 (Fig. 51). 

Let AC represent the part standing the first time. 

AE second . . 

DC broken . . first 

and £F second . . 

then AD= 20, and AF= 30 
letAE = ar .••AC = a?+5 
CD = y .-. EF = y + 5 
and d?+y-|-5 = height of may-pole. 

In triangle FAE j^»-|-302= (y+5)3 . . . (1). 

In triangle ACD (ic+5y+20^ = f . . . (2). 

By(l) a?H900 = y2+10y + 25. 
By (2) a?2^i0j.+425 = y2 
subtracting (1) from (2), lOo?— 475 = — lOy— 25 

or 10 (a?+y) =450 
.•. a?+y = 45 
and a7+y+5 = 50^ the height required. 
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Prob. 55 a (fig. 52). 

Let 9 = BDy the hoTi2X)ntal distance of A from B 

y = CD C 

z = AD, the height of hill. 
a = devation of A at 3 = 20P 
jSs=: horizontal angle BCD, or the bearing of A 
fromC=:67*'3(y 
and 6 = ACD, the angle of elevation of A from C. 
(1.) In right-angled triangle BCD . . , x^y sin. j8 

(2.) In vertical triangle ADB r= artan.a 

(3.) In vertical triangle ADC j2r=ytan.^ 

•*• y tan. ^ = or tan. a • . . from (2) and (3) 

= y sin. /3 tan. a • . . from (1) 
tan. ^ = sin. /3 tan. a 
hence ^ = 18^36'. 

PaoB. 56 a (Kg. 63). 

(1.) In the triangle ABC the three sides are given, 
to find one of the angles at the base* as B, and thence, 
in the right-angled triangle ADB« the perpendicular AD 
is easily found. 

Or thus (without using logarithms) : 

Let AD = X ; and segment BD ■=.y\ a^hfC the three 
sides of the triangle ; a = 40^ 6 = 30, e = 20. 

In right-angled triangle ABD af2^y2--^ ^ ^ (1) 

ADC..*2+(a-y)2 = 52_(2) 

Subtract (1) from (2), we have (fl-y)2-y2 = ft2-c2 

whence y = = 13*75 

and X = i/c^^— y^= 14*523, the perpendicular required. 
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Prob. 57 (Fig. 54). 

(1.) In triangle ABC are given all the angles and 
side AB, to find AC. 

(2.) In right-angled triangle ABC are ^ven AC 
and angle DAC, to find DC. 

Or thus : 
Let DAC = a = 23° 50' 15" 
CAB = ^=93 4 20 
ABC = y = 54 28 30 
side AB=fl = 416 
AC = X, and DC = y. 



X sin. v 
(1.) In ABC . . . 1=-— ^=-5- 



sm. y 



a sin.ACB sin. (/3+y) 
or a: = a sin. y cosec. (fi+y) 
(2.) In ADC . . • y = 07 tan. a 

= a sin. y cosec. (jS + y) tan. a. 

PaoB. 58 a (Fig. 52). 

Let distance BD of first station = x 

CD of second . . = y 

height AD of tower = z 

angle ABD = a = 23° 18', angle ACD =i /3 = 21° 16', 

and side BC = 300. 

In triangle ABD .... 2r= o^tan. a (1) 

In triangle ACD .... r = y tan.jS (2) 

^ ,0? tan. ]3 

.'• or tan. a = y tan. p, and — =- 

y tan. a 

X 

but in triangle BCD .•..- = cos. BDC 

y 

tan. S 
,1. cos. BDC = 7 — '— = tan. Q cot. a, 

tan. a ^ 
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whence BDC = 25^ 20' 45". 
Then in triangle BDC . . BD=: BC cot. BDC = 633-4, 
and AD=:BDtan.a=272-7. 

Pbob. 59. 

In figure 20, let AC represent the pole, inclined at 
an angle A = 80°, B the place of spectator ; then AB = 
100 feet, and the angle B = 54°. In triangle ABC are 
given side AB and all the angles^ to find AC, the length 
of pole. 

Prob 60 a (Fig. 55). 

Let AE (height of man) =r a = 6 feet 

AB (height of column) = fl+5 = 200 feet 
and BC (height of statue) = e = 50 feet. 
Let ^ = ADE or BDC, the angle subtended at D, the 
place of spectator, by a and c. 

X = BDE, and y = AD, the width of the river. 

(1.) In triangle AED . . . -= tan. 6 

(2.) . . . . • ABD . . . ^^ = tan. (H«) 

(3.) .. .. ACD. . .^i^ = tan.(2tf+^)= 

y 



tan.(^+a?)+tan. tf 



*^- <"+*+ ^ = l-tan.(^;.)tan.^ (Trig.Part II.p. 35.) 



d+^a 



hi Pr^ fro- (1) -d (2). 

7"y — 

y^ ""y^— (a+*)a 
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Substituting in this equation the values of a, b, c, we have 

250 _ 206 

y2 "~ya-1200 

206 y2_i200 , 1200 ^ ^ 

or 77^77=^ s =1 r-' wherefore 

2o0 y* y* 

1200 , 206 22 , ^^^ V .^ 1. i. . 
— -—=1 --—--=--- and y=82*5 = the width of nver. 
y2 250 125 ^ 

Prob, 61 a (Fig. 24). 

Let AB = or, AC = y, AD = z ; 

(1.) In triangle CAB, y : x rfsin. ABC : sin. ACB 

J? sin. ABC , .-.« A r^-n ^A^m 

• * • y =—' — r7^H-= ^ sin. ABC cosec. ACB = -84650? 

sin. ACB 

(2.) In triangle ABD, z:x:: sin. ABD : sin. ADB 

^Sin.ABD . .^^ .-r^"^ ^ nr^m>e\ 

• * • ^ =—' — 17:^= ^ sin- ABD cosec. ADB = 1 • 1 852a? 

sm.ADB 

(3.) In triangle CAD, let CD or 6594=a, 1-1852=6, 
•8465 = c ; then z = bx, and y = ex, and angle CAD = 
85° 46'= A. To find x or AB. 

T . . 1 A /-.T^ V4yz hav. A 

In tnangle ACD, a = ^, — 

sm. ^ 

where tan. 6 = — (Trig. Part II. p. 53.) 

z—y 

substituting ex and bx, the values of y and z found above, 

- . V4ca?6a?hav. A 

we have tan. ^ =— 



bx—ex 
V4ichav. A 



T" b-e 
from which & may be found. 

V4ca?5a?hav. A 



and a = ' ' — | 

sin. & I 



90 SOLTTTIONS 07 PB0BLEM8 

, a sin. A 

whence x = . 

vichavTA 

Or thus (without haversines) : 
Find the angles of triangle ACD by Rule (I V.)f and 
thence y and x : thus 

bx+ax I hx^ex : : tan. |( ACD + ADC) : tan. i( ACD -ADC) 
or J + c : 4-c :: tan. i(ACD + ADC) : tan. J( ACD -ADC) 

whence the angles may be founds and thence y and x, 

Prob. 62 (Fig. 56). 

Let BC (height of tower) = x ; CD (the flagstaff) = 4 
yards = a ; AB (distance of observer) = 100 yards = ft ; 
a = DAC = 48' 20", and p = angle BAG subtended by 
tower, 

X 

(1.) In triangle BAG, — =tan.p, 

(2.) In triangle BAD, ^i^=tan.(p+a) = 

tan. ®-|-tan.a a?+fttan.a . 

•z = , . . . from (1). 

1— tan. p tan. a 6— j^tan.a 

By solving the quadratic equation — i~~=t — 

, a , /Cfl2 aft— ft^tan.a} ^ , . , 

we have, ^ = — 7;+A/iTH Z ( from which 

2"-'v 1 4 tan. a J 

X may be found as follows : 

Calculation. 

log. tan. a = tabular log. tan. a-— 10 . . . (Trig. Part I. 
= 8-148001-10 Rule XIIL) 

= 2- 148001 
its Nat. No. or natural tang, a = '01406 
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= 138-8 yards = 401-4 feet 
(See also Calculation of Prob. 80.) 

Or thus : 

In problems of this kind* where one of the angles 
concerned is small (only a few minutes), the circular 
measure of the angle may be sometimes used with ad- 
vantage (see Trig. Part II. p. 1 10)« thus : 

Let CD (height of flagstaff) = = 4 yards 

AB (distance of spectator) = 6 == 100 yards 
BC (height of tower) = x 
angle DAC = p. 
With center A and distance AC describe the arc C£, 
cutting AD in £ ; then triangle BCD, being small, may 
be considered as a plane triangle, right-angled at E» and 
equiangular to the triangle BAC. Now circular measure 

f 1 riAP "^^ 48^ 20" EC 

of angle DAC = — t-= ^^q ^^^^„ =-77: 

^ rad. 57°-29577 AC 

but EC = fl cos. BCD = a cos. BAC 

and AC = b sec. BAC 

EC flcos.BAC a ,„,^ 

AC sec. BAC b 

„_,.^ 100x48'20" 

•:. COS.^BAC = :; ,^Q r.^^^^ 

25x0^-80555 
"" 57°-29577 

_ 25 X 80555 
■" 5729577 

.% BAC = 53*^ 38' 30", and hence x = 407-5. 
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P&OB. 63. 

Since the area of a parallelogram is equal to the pro- 
duct of its base by its altitude,* and the area of triangle 
= -J- area of a parallelogram with same base and altitude 



G 



J 



* Proof that area 
AD=AB.AC. 

(1.) Let each of the , 
Bides AB, AC of the 
rectangular parallelo- 
gram AD contain AH 
or AE, the linear nnit, 
an exact number of 
times ; that is, let AB 
and AC be commensuf' 
able with AH. 

Let the linear unit AH or AEsd?, and the square AG = super- 
ficial unit. 

Let AB contain a linear units =■ ax 
AC . . . . « =** 

Then it may be shewn that the area or number of superficial 
units in AD » ab, or area AD » ab times AG. 

•n r-n 1 -rr-r ^\ AF AB OX 

For (End. VI. 1) _=_=--« 



multiplying 



AD 
AF 
AD 
AG 



AC &j? 
~AE"""* ~ 

^ab 



or AD » ab times AG. 
(2.) If the sides AB, AC be incommetuurable with AH, 
another unit may be found which is commensurable with certain 
lines that approach as near as we please to AB and AC, and 
therefore the product of the units in such lines will represent the 
area of a rectangle differing from the area AD by less than any 
assignable quantity ; that is, we may in this case also express the 
area of AD by the product of the number of units in AB and AC. 
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.*. area triangle = ^basexalt, = |x40x30 = 600 
square feet = 66f square yards. 

PaoB. 64 a. 

Let X = base of triangle cut off 

y = perpendicular 
then (by last proof) a?y = 48 . . . . (1) 
and 07 :y :: 12 : 16 

.-. 4a? = 3y (2) 

from equations (1) and (2) o? = 6, y = 8 

whence hypothenuse = a/82-|-6^= 10. 

PaoB. 65 a. 

Let Of = side of equilateral triangle ABC. 
Now area = Vf.(J-a).(J^b).{f-c) 

where /= l(a+ft+c) . . . (See Trig. Part IL p. 53.) 

3j? 
= — (since a = 6 = c = a?) 



/Zx X X X 

"■V"2"'"2'2"'l" 



a/3 



area =A/-r-.-r-.— .— = — r-x^ 

a/3 « 
or 180 =— — j?2^ whence x = 20*389. 
4 

Pbob. ^S a. 

In any triangle ABC (fig. 20) are given the base A B 
and the angles A and B, to find the area. 

Find one of the sides AC (Rule IIL) and thence the 
area, having two sides, AC, AB, and included angle A, 
given. (Rule VL) 

Or thus : 
AC _ sin. B __ sin. B 
AB — sin. C "* sin. (A+B) 
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• • . AC = AB sin, B cosec. (A + B) 
and 2area= ABACsiiL A=AB^sm. A sin.Bco8ec.(A+B) 

Pbob. 67 a (Fig. 20), 
In triangle ABC, let = 5, 6 = 3, and ^ =third8ide» 

then area2 = 36=/.(/-«)-(/-*)-(/~*) 
where /= \{a+h-{-x) = i(8+J?) 

•••«=r-f')-(^'-»)-(^-')-(^') 

"* 16 ""16 

whence, solving this quadratic, a? = 4 or ^/52. 

Peob. 68 a (Fig. 57). 

By the question, 2 . AEF = ABC, 
Let altitude AD of triangle ABC = a =: 10 
base BC = x 

£F = y, base of triangle AEF 
and z = its altitude 
then area AEF = iABC 

• • 2""*' 2 

.•, yj= iflj? ....... (1) 

z a zx 

But by similar triangles, —=— ,'. y= — , . (2) 

substituting the value of y, from (1) we have 

i^x ax a 10 ^ ^^, 

— =-7r- .•. z =-7-=—;--= 7-071 
a 2 a/2 V2 

whence distance from base = 10— 7*071 = 2*929. 
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Pbob. 69 a. 

Let X = the less side of the rectangle, and y = the 
greater side ; then 2jr = greater side of triangle, and 
y = its h3rpothenuse ; 

.' . >/y2_-4jy2 -- i[}^^ side of triangle ; 
also 207 = side of square whose area equals that of the 
two allotments. 

.-. 4iF2 = ^ + j?A/y2-4a?2. (1) 

Length of paling for rectangle and triangle = 

2 (j? + y) + 2j? + y + ^f" 4^2 
and length of paling for square = 8o7 

.•. So? + 55 = 2 (a? + y) + 2j? + y + A/y^— 4ar2. . (2) 

1-1 5d? 

From equation (1) we find y = -5- which substituted 

in (2) gives a? = 11 /. y = 27'5 

hence, area rectangle = o^y =r 302*5 

and area triangle = x Vy^— 4j?^ = 181*5. 

Pbob. 70 a. 

Let d?+y, a?, and j*— y represent the three sides of 
the right-angled triangle; 

then (j?+y)2 = a?2+(a'-y)2 (1) 

and i(d?— y).a?=216 (2) 

From these equations the values of j: and y are found, 
and thence the sides of triangle. 

Pbob. 71 a. 

Let ^= one side of equilateral triangle ; 
then ai-ea=iar2sin. 60°=ia72 .1.^3 (Trig. PartIL p. 42.) 
x^ 
4 
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• '. expense of paving = 8 . — -. ^/3= 2*^^/3 

and expense of pallisading three sides = 84 x 3x = 252^ 
••• 2j?2^/3 = 252a?, and a?= 72-74. 

Peob. 72 a (Fig. Part II. p. 114.) 

Let AB (one side of the regular polygon ABDG)=a, 
number of sides = n ; 

.-. angle AOB = -. 360^ 

and angle AOK = -. 180^ 

Now area polygon = is x area triangle AOB 

= 2 n X area triangle AOK 
= 2n.iAK.K0 = «.AK.K0 

but KO = AK cot. AOK = AK cot. — 

n 

.*. area polygon = » AK^. cot. 

nfl2 180° . .„ a 

= — cot. since AK = ^ 

4 » 2 

Ex. \in-% 1 . ^g^ _ 5J2 cot. 22° 30^ 

a = 16. yards j 

log. 512 , . 2-709270 

log. cot. 22° 30' 0-382776 

log. area . . 3*092046 ,-. area = 1236-1 yards. 

Pbob. 73 a. 

In last problem, area A =— r- cot, 

^ 4 » 

4 A 4 A 180° 

,•, a^=- s^ — tan. 

180° n n 

»cot. 

n 
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^ //4A^ 180°\ 
,-.a=Y(-taD.— J 

Ex. 1. Let A = 1236-1, » = 8 

^1. //4x 12361^ ««o«^v 
then a = A/ ( g tan. 22° SC) 

log. 4 0-602060 

log. 1236-1 . • . . 3092043 
log. tan. 221°. . . 9*617224 
ar.co.log. 8 . . . 9096910 



2)2-408237 



log. a 1-204118 .•• a = 16. 

Peob. 74 a (Fig. 58.) 

The area of triangle ABC = ^AB . AC sin. BAC (Part 
ILp.53) =JnAD.ACsin.BAC, (1); since «AD=AB. 

, . , ^^^ AE sin.ADE sin. BAC 

In tnans^le AED, -——=-: — .-^.-^ =-: — ttt-tt 

^ AD sin. AED sin.CAG 

.•. AE sin. CAG = AD sin. BAC. 
Substituting this value of AD sin. BAC in (1), 
area triangle ABC = ^n AC . AE sin. CAG ; 
but AC.AE = AF^, since AF is a mean proportional to 
AC and AE. 

.% Area triangle ABC = In. APsin. CAG 
= n triangle AFH = area polygon. 

Prob. 75 (Fig. 60). 

Let CB represent length of ship =160 feet, A the 
place of the observer ; then CAB = 20' 15"; also the 
angles SBC, SCE are nearly equal to each other, since 
the side CB (subtended by an angle of a few minutes) 
is small compared with AB or AC. 

H 
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•*• either of the angles SBC or SCE may be consi* 
dered to be the course = 22° Sff. (Part L p. 104.) 

T ^ 1 A^n. AB sin-C sin. 22^80' 
In triangle AbO, 57^=—: — r =^^ — o/v 1 c" 
° BC sin. A sin. 2u 15 

. • . AB = BC sin. 22*^30' cosec. 20' 15" = 10247 feet = 

1*94 miles. 

Otherwise (by circular measure). 

Let AD = AB^ join DB, then (the angle A being 

small) each of the angles ABD, ADB is nearly equal to 

a right angle; and DB may be considered as the arc 

subtending the angle A. The circular measure of the 

, , .arc DB 20' 15" 
angleA=^= — = ^=^50:2^^ 

^ P _ ^P 57^-29577 _ BC sin. 22°30' x 57^-29577 

since BD = BC sin. BCD (considering CDB as a right- 
angled triangle). 

Reducing to seconds, and dividing by 1760x3 to 
obtain the distance in miles, we have 

^g _ 160 X sin. 22° 30' x 5729577 X 60 x 60 _ j.g . 

1215x1760x3 
miles. 

Prob. 76 a (Fig. 53). 

Let BC represent the meridian ; angle A^C = s^, 
and angle ACB = a7°-|-10°; then A is the point where 
the ships meet ; and the perpendicular AD (the distance 
from the meridian) = 100 miles. Since the sides AB 
and AC are to each other as 3 : 2, let AB = 3y, and 
AC = 2y. 

Then 8y±|y^ tan. K.+ 10+^ 2 (j^ II. form. C.) 
3y— 2y tan. K-^H- 10— a?) ^ ^ 
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tan. (x+5) 
or, 5 = , y ^ .•. tan.(a?+5) = Stands** 
tan. 5 ^ 

whence j?+5 = 23° 3^45", and a? = 18°37'46'' 
and difference of lat. BC = BD+DC 

= AD cot a?+AD cot. (x+ 10) 

= 296-6 + 183-2 = 479-8. 

Pbob. 77 a (Kg. 62). 

Let AB represent the height = 2 yards, AA' the di- 
ameter of the earth ; draw the tangent BD ; then BD 
will he the distance seen hy spectator (neglecting the 
effects of refraction, &c.) 

By Geometry BD2= BA.BA'= 2 x 14080002 

QI we suppose diameter = 8000 miles = 14080000 yards) 

hence BD = 5307 yards. 

Pbob. 78 a (Fig. 62). 

Let BH he drawn perpendicular to BA; then the 

angle HBD (the angle of depression of D, a point in the 

horizon) = 90°-CBD = DCB; since angle at D = 90® 

••. angle DCB = 2° 13' 27". 

Let a = BA the height of the mountain = 3 miles 

X = CA or CD the radius of the earth ; 

^ CB x-^a a 

then sec. C = 7;=^-= = 1 -i — 

CD X X 

2 sin.2- 
a ^ , 1 , 1— cos. C 2 

.'. - = sec.C— 1 = F?— 1= F— = TT' 

X cos. C cos.C C0S.C 

, • . 2 47 = a COS, C cosec.^— 
whence, in logarithms. 
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c 

log. 2rr = log. 3 + log. cqs, C + 2 log. cosec. g — ^^ 
.•. diameter 2j? = 7952 miles. 

Prob. 79 a (Fig. 62). 

Let a = DC or AC, the radius of earth 
X = BA, height of mountain. 

Then — l-=sec. C 

r. 2sin.2^ 
X ^ , 1— cos. C 2 

or, - = sec. C— 1 = 7^= tt" 

a cos. C cos. u 

Q 

.'. a? = 2asin.2 - sec. C = 1'402 miles. 

Prob. 80 a (Fig. 63). 
First solution (geometrically). 

Upon the line AB =400 yards, the distance between 
the objects A and B, describe a segment of a circle con- 
taining an angle equal to the given angle (35° 10') 
(Euclid Til. 33), and measure a perpendicular distance 
CD=560 yards, the width of the river; through D draw 
EDF parallel" to base AB, cutting the circle in E and F ; 
then either of the points E, F will correspond to the sta- 
tion on the other side of the river; and the lines EA, EB, 
or FA, FB, measured on the same scale as AB, will be 
. the required distances. 

Second solution. 

. (1). In right-angled triangle, AGC, given AC = 200 
and angle AGC = AEB = 35° 10', to find radius AG = 
347-75, and GC = 283-87, and angle CAG = 54° 50*. 
(2). .-. GD = CD-GC = 560-283-87 =276-13. 
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' (3). In right-angled triangle £DG are given GD = 

276-13, radius EG = 347-75, to find angle EGD = 

37*^ 19' 3(y 

(4). then the angle AGE = 180^-(AGC+EGD) 

= 180^- (35^ KT-I- 37^*19' 30") = 107°30'30", 

(5). Draw GH perpendicular to AE. We Have now 

given AG and angle AGH = 53° 45' 15" in right-angled 

triangle AGH, to find AH=:iAE, whence AE = 560*1. 

(6). To find the other side, EB, there are given AE 

and AB, and included angle EAB = CAG+GAH = 

54°50'+36°14'45"= 91^*4' 45", to find EB = 694-37. 

Third solution (analytically). 

By the geometrical construction of the fig. (see first 
solution) we find that the two objects are on the same 
side of the station. Let A be the nearest object to sta- 
tion, B the more distant. 

AB (distance of objects) = a = 400 ; produce BA to 
K, meeting perpendicular from station E, and }et AK 
= ar, A£=y, BE = ;s, angle A£K = ^, angle AEB be- 
tween objects = a = 35° lO', and perpendicular EK = 
b = 560. 

In triangle AEK . • • - = tan. 6 

■r . . t -n-n^w^ o-^-x ,^ ^ tan.ft+tau.^ 

In triangle BEK . • . — r- = tan. (6+a) = 

° b ^ I— tan.atan.^ 

6tan. a+^tan. ^ 

.'. a+*= - — 7 7 T- 

1— tan. a tan. ^ ■ 

_ btan.a+s ^l^tan.a-^ba 

"" , 4?" b-^stan.a 

1— tan. a-r 
o 

whence (by substituting the above value of tan. i) 

o ad— 6^ tan. a 

dr-(-adp = 

tan.0( 
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... a iif? oft— -^tazi«a) 

and solving quadratic. « = --+^{-+ — ^--— J 

To find numerical value of this expiesabn : 
Ilrst find V tan. a. 

log. ft 2-748188 log. 3053 3484727 

log. ft 2-748188 log. cot. a 0-152087 

tan.a 9-847913 3636814 

5-344289 , oft-ft2tan.« __ ^ 

•:• ft3 tan. a = 220947 ** tan.a 

and aft = 224000 ^=.40000 

.:. oft— ft2tan.a= 3063 ^ 

a^ aft— ft^ tan.a ..««« 

.'. -r+ — : = 44333 

4 tan. a 

and ^44333= 210-5 .'. «=— 200+210-5 = 10-6 
(using the upper sign ; the lower sign giving a coxre- 
sponding p<Hnt to the right of B). With this value of x 
we find A£ = 560*1, and £B = 694-3. 

iPaoB. 81a(Fig. 64). 

LetAB represent the tower, CD the road, C the 
place of spectator; then angle ACB = 20° (the elevation 
of tower at C), and ACD = 30° (the angle between line 
joining the top and road CD). Let BD be the nearest 
distance of tower from road (= 200 feet) ; then plane 
of triangle ABD is perpendicular to road, and therefore 
ADC is a right angle. 

In triangle ABC . . • AB = AC sin. ACB = AC sin. 20° 
In triangle ADC ... AD = AC sin. ACD = AC sin. 30° 

AB sin. 20° ^ , AB . ^^„ 

.'. -Tri = "'^ — S7S but -r?7 = *"*• ADB 
AD am. 30° AD 

sin 2f^ 

.!. sin. ADB = ^^ or ADB 5= 43°9' 15" 

nn.3(r 
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then in triangle ABD, 

AB = DB tan. ADB ^ 200. tan. 43'' 9' IS'' c 187*5 feet. 

Or thus (by Spherical Trigonometry). 
The angle at G is a solid angle, formed by the vertical 
angle ACB, the oblique angle ACD, and horizontal angle 
BCD which call ^ ; let ACB = a, ACD = jS. To find 
the horizontal angle ^ we may consider the point G the 
center of a sphere, and the three angles, a» /3, 6, may 
then be represented by the three sides of a right-angled 
spherical triangle (Part II. p. 63), of which a and 6 
contain the right angle, and j3 is the hypothenuse. 
By Rule XV. Rirt I., cos. j3 a= cos. a cos. 6i 
whence cos. 6 = cos. j3 sec. a, 
which determines & == 22° 50' 15"; 
then in right-angled triangle BDC are given BD and 
angle BCD, to find CB, which with the angle ACB will 
^ve AB, the height of tower. 

Pbob. 82 a. 
Let 7s and 4x represent the sides, and included angle 
= 129° 34'; let 6 and f denote, the other two angles. 
.•. d+?>=180°— 129°34'=:50°26'. 

Now p:^ ^^^±1) . . . (Trig. Part 11. p. 52.) 
7«— 4« tan.i(tf— p) ^ ® r / 

11 tan. 25 13 ^ ... . 3 . neoio« 

or T-= rn 7 .-. tan.i(^--p) = — tan.25°13 

3 tan.i(tf— '^ ^^ 11 

which determines ^— p; and therefore with 6+f already 

known, the angles 6 and f may be found. 

Pbob. 83 a. 
first solution. 
Let ^, 2&, 3^ denote the angles; «, y, z the sides 
opposite to them respectively s 
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then s+y+z = 6 (1) 

X sin,^ sin.SOP . _ ,-.. 

Now -=i-: — :r: = -: — ;:7;o=t •-'• 2*=:;? (2) 

z sin. 3^ sin.90*^ * 

- s sin.^ sin. 30^ i 1 

and - = -: — :r-: = -t ~^ 



y"*8in.2^ 8in.60° Ja/3 ^3 

.-. jr^/3=y (3) 

Substituting in (1) the values of y and z in (3) and 
(2), we have 

jr+j?^/3 + 2j?=6, or * = — — TT = 3— ^/3 = 1-268 

O-J" V o 

whence z = 24P = 2-536» and y = «>/3 =: 2*196 

Second Solution. 

This problem, and Numbers 84, 85, and 96, in which 
are given (or may be found) the perimeter and all the 
angles, can be solved in the following manner. 

Let ABC be the triangle (fig. 20). 

To find side a. 
By (C), (D), Part II. p. 52, 

accos.^— = i(a+c+b),i(a+C'-b) 

C 

ab cos? -^ = i(a+b+c) .^(a+b—c) 

.*. fl = K«+^+c).8in. - sec.— sec.— 

^ . 2 - 2 2 
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Calculation, 

Let A = ^, B = 2tf, C = 3^. 

,-, 180°= 6^ .-. ^=30°= A, B = 60°, and C = 9(f, 

and a+b+c = 6. 

log. 3 !.!...^.! 0-477121 

log. sin. iA • 9-412996 

log. sec. iB 0062469 

log. sec. iC 0-150515 

log.a 0-103101 

•:. fl= 1-268 

Pbob. 84 a. 

Let 6, 26, 4& denote the angles; s, y, z the sides 
opposite to them respectively ; 

then d?+y+« =100 (1) 

and ^+2^-1-4^=180*' 

.*. d= 25*^42* 51". 

-. z sin.4^ 28in. 2^cos. 2^ . «>» i «>#». 

Now -= -; — —, = 1^ — — = 2 cos. 26 = 1-247 

y sm. 2^ sm. 2^ 

,\ z=l-247y 
y sin. 26 2 sin. 6 cos. 6 ^ , , «_ _ 

^=:-: -= : = 2C08.d= 1-802 

X fan. 6 fan. 6 

_ y 
•*• *"" 1-802 
substituting in (1), 

-|_+y+1.247y=100 

.', y = 35-69 
whence x = 19*8, and z = 44*51. 
Otherwise, $ee Prob. 83^ second- solution. 
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Pbob* 85 (U 

Let 07, y, z denote the base, perpendicular, and hy- 
pothenuse respectively ; 

then *+y +^ =24 (1) 

**:«CO8.30°=l\/8.« (2) 

y =s «sm. 30°= iif (3) 

.•.(i^/3+i-hl)za24 
• •. a =10-144 
whence 9 = 8-784, y = 5-072. 
Otherwise, see Ptob. 83» second solution. 

Pbob. 86 a (Fig. 20). 

Let the two sides AG and CB be denoted by x and y ; 
then we have given x-\-y = 600, the side a =^ 400, and 
the angle A = 80^ to solve the triangle. 

By (D) Part n. p. 52, 

A 
4?y C0S.2 - s= J(4?+y +a) . J(a?+y— a) 

xy C0S.2 40° * 1(600 + 400) . 1(600^400) 
= 500.100 
.-. «y = 50000.sec.2 40° 
or xy = 85204, 
Hence, knowing the values of x+y and dry, the udes x 
and y may be found. 

Paob. 87 a* 
By (C) Part II. p. 52, 

icsin.^- = Ka+ft— c). J(c— J+c). 

where a+ft = 600, c = 400, and A = 60° 

.^ ... ^.t=* 



• - • 



• • 
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4005. i = i(200) .i(a-5+400) 
or 400ft = 200. («-&)+ 80000 
and 25 = 11—5+400 
35-400=0=600-6 
.-. 45=1000 
aiid5 = 250 
whence a = 350 

Pbob. 88 a. 

Let z represent the hypothenose and x the perpen- 
dicular; 

then «+ar+8=24 (1) 

and23=ar8+64 (2) 

whence 2= 10, j^= 6. 

Pbob. 89 a (Fig. 21). 

Let height of steeple AB = of, distance CB of first 
station from steeple=s80, distance DB of second sta- 
tion =250. 

Let angle ACB = 2a, then angle ADB = a ; 
and since angle ACB = angle D+ angle DAG 

•*• 2a = a+ angle DAO 

•*• angle DAC=a; or triangle ADC is isosceles* and 
AC = DC=170; 

hence «= VAC^-CB^s VHtf^-SOa 



= ^(170+ 80). (170-80) 

= V250 X 90= V26X 900=6 X 30= 150. 

Pbob. 90 a. 

Let the sides AB, AC of a triangle ABC be denoted 
by « and y ; then we have given angle A, side a, and 
4?+y=5, to solve the triangle. 



,•. jTjf =j^(6-f-a).(5— a)8ec.^^ 
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By (D) Part II. p. 52, 

aycos.2-=J(jr+y+a).i(jr+y— fl) 

=i(6+ii).(ft-ii) 

A 
2 

From this equation, and x-^-yzszb, the values of x and 
y may be found. 

Prob. 91 a. 

Let the sides AB, AC of a triangle ABC be denoted 
by JT and y ; then we have given the angle A, side a, 
and J7— y = d, to solve the triangle. 

By (C) Part 11. 



4?y Bin.2— = K«+*"-y) -id^—^—y) 

A 

.'. j?y = i{a+d).(a--d),co8ec.^— 

From this equation, and «— •ys=d', the values of x 
and y may be found. 

Prob. 92 a. 

Let A denote the angle opposite base a, X and T 
the angles at the base, and x and y the sides opposite to 
XandY; 

then * + y = 6 ; (1) 

and X-Y=rf. 
., sin. X X , sin. Y y 

Now -; r 5= - and -: r- = — 

sm. A a sm. A a 

sin. X+8in*Y x+y b 

adding, . — r r= i- = - 

® sm. A a a 
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sin.X+sin. Y b 



or r^ Z: -- since A=180-X+Y 

sm. (X+Y) a 



or 



or 



2 sin. KX+ Y) COS. i(X- Y) _ b 
2 sin. i(X + Y) COS. i(X + Y) "" a 



COS. ^ b 



COS.KX+Y) a 

a 
.• . COS. i(X+ Y) = - COS. ^. 

Prob. 93 a. 
Let a be the base and or, y the two sides of triangle ; 
X, Y the angles opposite to a, y respectively, and A the 
angle opposite base a. 

Then x—y = rf, and X— Y = D. 

sin. X X sin. Y y 

sin. A "" a sin. A "" a 

_ . sin. X— sin. Y a?— y d 

.'. subtractms:, ; — i = ~=i- 

sm. A a a 

2 COS. i(X+ Y) sin. i(X- Y) d 
""^ sin.(X + Y) ""a 

2 COS. i(X + Y) sin. KX-Y) d 
°^ 2 sin. i(X + Y) COS. \{X + Y) "" a 

whence sin. i (X+ Y) = ^sin. \ (X-Y) 

= -jsin. ^D 
a 

and since X— Y is also known, the sides and angles of 
triangle may be found. 

Frob. 94 a. 

Let ABC (fig. 20) be any triangle ; then angle A, 
side b, and the difference {a — c::^ d) between a and c 
are given, to solve the triangle. 

By (C) Part n. 
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5csm.2-=ri(a+ft— c).J(a— d+c) 
By (D)...ftcco8.2-=i(5+c+a).i(6+c-a) 

2 (&+c+«).(ft+c-a) 
sixdlarly. ^,O(c+l,-aUc+a-0) 



2 {b+a+e).{b+a—c) 



tan.2S 



• • 



2 __ / h + c-a \^ 



taii.2— 
2 

^ C ft+c— a ^ A &— (tf— c) A 

.•. tan.— = — -r — .tan.— =Y-r7 ('tan.— 

2 a + b^c 2 5+(a— c) 2 

Prob. 95 a. 

Let ABC (fig. 20) be any triangle; then angle A, 
side h, and the sum (a+c = tn) of a and c are given, to 
solve the triangle. 
As in last problem, 

^^A_ (g+&-c).(g+c-g) 
2 (^ + c+a).(6+c-a) 

2 (5+a+c).{ft4-a— c) 

A^ C a+c--b m—h 

• * • tan. — tan. — = • = ■ • ■ 

2 2 a+h + c m+h 

^ C w— ft A 

.•. tan. — = — r-7.cot.~ 

2 m+6 2 

Prob. 96. 
See Problem 83^ second solution. 
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pROB. 97 a. 

In fig. 21, produce BCD to a point E^ and join AE. 
Let AB represent the object, and C, D, £ the three sta- 
tions. 

DC=tf, ED=5, theangle ACB=2^, ADC=90°-tf, 
and A£D=^. 

The triangle AEC is manifestly isosceles, since angle 
ACB = AEC+EAC, or2^ = ^+EAC, .-. EAC = tf, or 
AC = EC=a+*. 

T ^ 1 Awn AE sin. 2d 

In tnangle AEC — --r = —: — - 

° a+b sin. d 

sin. 2$ 



.-. AE =(«+&). 



sin. B 



T 4^ 1 AT7n ^ sin.(90°-0 cos.tf 

In tnangle AED .... -r- = -= — tt:;:?; — ^ = tt: 

^ b sm. (90**— 20 COS. 2d 

AT? ft COS. d 

COS. 2 
ft COS. d _^ (a -h ft) sin. 2d 
COS. 2d sin. d 

ft 
or COS. 2d = ^. . -> 

2(a+ft) 

In triangle ACB CB = (a+ft) cos. 2d 

.-. CB = ift 
hence AB2 = AC2-CB2 = (a-hft)^-(ift)2 

.-. height AB = A/(a+ft +^ft) . (a+b—ib) 

= ^/(a+fft).(a-fift) 

if a = 5= 20 = a/50 X 30 = 38-73 

Prob. 98 (Fig. 38). 
Let the angles BDC, ADC be denoted by a and ^ 



or 
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respectively, and the sides of the triangle ABC hy a, b, c, 
in the usual manner. Let angle CAD=^s, and CBD=y ; 
then in triangles BDC and ADC, we have 

a sin. y b sin. x 

— : = CD = — ; — 3- 

srn. a sm. p 

sin. X _^a sin. j8 
sin.y 6 sin. a 

sin.dT+sin. y ^ asin. j3+^sin. a 
sin. d?— sin. y^ a sin. j3— 6 sin. a 

/'Po^Ti T. ^fi\ tan.i(g-hy) _ g8in.ff-h^8in.a 

(rart ii. p. 3o.; =- = — : — ^ — r-r 

tan.J(j?— y) asm.p— 6sm. a 

b sin. a 

whence tan. K^—y) = , . . tan. i(«+y) 

, Dsin.a 

1-h . o 
a sm. p 

and or+y, the sum of the angles, is known, since it is 
= 360°— C— a— /3, and by the equation a?— y is given, 
hence the angles x and y may be found. 

Applying this expression to an example, suppose that 
a = 54° 13' 45", ^ = 33°52', C = 77°42'24", and that 
log. a = 4-170262, log.5 = 4-021189. 

First find the value of — r-^, which is 1*0329, 

a sm. p 

^ w s —0-0329^ 1/ . \ 
then tan.K^-y) = 20329 <^-K^+y) 

+ 329 — 

or tan. 1 (*-y) = g^g^jg tan. 97° 6' 55" 

(placing the proper sign over tan. 97° 5' 55", and thus 
determining the sign of tan. ^(a?—y), (see Rule 14, 
Parti.) 
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whence i(ar-y) = 7''.24' 24" 
and J(^+y)= 97 6 55 

.:. d?=104 30 19 
y= 89 41 31 
All the angles of the triangles ACD and CDB being 
now known, it will be easy to calculate the distances 
AD, CD, BD. If we perform the operation, we shall 
find AD = 12516, CD = 18241, and AD = 10742-5. 

Otherwise : 
This problem is more easily solved by using a sub- 
sidiary angle ; thus, 

ft sin. a 

assume tan. = — : — ;= (1) 

a sm. p 

then tan. i(*-y) = i^J^^^ • <»»• i(^+y) 

= tan. (45°— tf) . tan. i(^+y) 
Find from equation (1), which is 45° 55' 45", whence 
|-(j?— y) = 7° 25', and the values of x and y may then be 
found as before. 

Pbob. 99 a. 

Let straight lines OA, OB, OC, drawn at right 
angles to one another, form at the point O the solid 
angle of a cube. 

Let OA = a, OB = b, OC = c ; join the extremities 
A, B, C, and let the sides of the triangle ABC be de- 
noted by «!, 6i, Ci ; 

then area ABC = Jfti Cj sin. A^z^b^Ci >v/l— cos.^A 






Now in right-angled triangles AOC, AOB, and BOC, 

I 
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we have hi^ = o^-f-c* 

and Wci^ = 4(aHO • («H*^ 

= 4(a4+o2ft24.a2c2^^c2) 
Bubstitiitixig these yalues, we have 

area ABC =z iV^^^b^^T^. 

Pbob. 100 a. 
Let ABC he an equilateral triangle, and upon the 
sides descrihe squares, the centers of whicli are A', B', 
and G, and join the points A', B', C, forming the equi- 
lateral triangle A'B'C, A' heing opposite A, &c., then, 
area A'B'C =: area ABC x (1 +i'/3). 
For area A'B'C = ^B'C^. sm. 60° 
' area ABC = ^ AC*, sin. 60° 

B'C^ 
.-. area A'B'C = -j-p^s-. area ABC. 

AC^ 

Now to find the value of B'C in terms of AC. 

In triangle AB'C, 

2 AB'. ACcos. B'AC = AB'2-h ACa-B'C^ 

or 2AB'2cos.l50° = 2AB'2-B'C'2 

.!. B'C2=2AB'2(l-co8.150°) 

:=2AB'2(l + cos.30°) 

= 2AB'2(l+i>/3) 

But AB'2 = 2 . (^)^= iAC« 

.-. B'C2=AC2(l+J>/3) 
hence area A'B'C = (1 4-i'/3) .area ABC. 

pROB. 101a. 
The geometrical construction of this prohlem may he 
made as follows : 
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To find the course and distance of the vice-admiral* 
Draw N.S. and W.E. at right angles, and let A, the 
point of intersection, he the place of the admiral. Make 
the angle NAV = 2 points, or N.N.E., and take from a 
scale AV = 6 ; then V is the place of the vice-admiral. 
Make SAB = 4 points, or S.E., and AB=:3, then it virill 
simplify the prohlem if vire suppose the admiral to be 
transferred to B, and to sail due east along the line BV', 
instead of along AE, which is the actual line described 
by the admiral; for then the problem will be reduced 
to this : to find the course and distance of the vice-ad- 
miral, so as to form a junction vrith the admiral. Join 
BV^ and take BC = 6, the rate of admiral's steaming, 
and vrith C as a center and radius =10 (the rate of 
▼ice-admiral) describe an arc of a circle cutting BV (or 
BV produced) in D ; jom DC. Through V draw W 
parallel to DC ; then VV is the vice-admiral's distance, 
and the angle ANY which it makes with the meridian 

N.S. is the course. 

rate of admiral _ BC _ BV 

rate of vice-ad. "" DC "" VV 
.*. V is the point of junction, on the hypothesis ihat 
the admiral sailed from B. But the admiral steamed 
along the line AE, and described AA' = BV in the same 
time; •*• A' is the position of the admiral when the 
vice-admiral is at V, and it is evident the position of V 
from A' is the one required, namely, S.E. 8 miles. 

To find the course and distance of the look-out 
steamer. Make the angle SAL =3 points or S.E.b.S., 
and AL = 10 miles, then L is the position of the look- 
out with respect to the admiral. Take AA"= 5 miles 
(the distance the steamer is to be a-head of the admiral), 
and suppose, as before, the admiral to be transferred to 
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A"; join LA"; then the problem may be solved by sup- 
posing the steamer to form a junction with the admiral, 
as in the former case. 

From A"E take A"C' = 6 miles, the rate of admiral, 
and with C as center, and distance 14 miles, describe an 
arc cutting A!'jy in D'. and join D'C. Through L, the 
place of the steamer, draw LL' parallel to D'C. Then 
LL' is the steamer's distance run to get into her station, 
and the angle it makes with the meridian is her course. 

^ rate of admiral A"C' A"L' 

For = = 

rate of steamer Q'U L'L 

• * • L' is the point of junction of the admiral and steamer ; 
but since we have supposed the admiral transferred to a 
point A", when in fact he was at A, the position of ad- 
miral will be 5 miles to the west of steamer. 

To find the course and distance of reinforcement. 
Join AV; then AV is the distance run, and the angle 
V'AS the course of reinforcement. 

This problem may be solved trigonometrically, thus : 
To find the course and distance of vice-admiral. 
(1.) In triangle AVB, given AV=6, AB = 3, and 

included angle VAB=: 10 points = 112° 30', to find the 

other angles; hence angle ABV = 46° 18' 30", and 

AVB = 21° 11' 30". 

(2.) In the triangle BDC are given BC=6, DC=10,and 

the angle DBC = 180°— 45°— 46° 18' 30"= 88°41'30", 

to find angle BDC=BVV'=36°51' 30" 
adding A VB= 21 11 30 

. • . angle AVV'= 58 3 = 5 pomts nearly. 
•*• the course of the vice-admiral = 5 points to the left 
of admiral's bearing, or 5 points to the left of S.S.W. 
J. course = S.E.b.S. nearly. 
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(3.) In triangle AVB are given AV= 6, VAB = 10 
points or 112° 30', and angle ABV=46° 18' 30", to find 
BV=7-67 miles. 

(4.) In triangle VBV are given BV = 7*67, angle 
VBV'= 88° 41' 30", and VV'B = 64° 27', to find W'= 
9*42, the distance run by vice-admiral. 

To find the course and distance of look-out steamer. 

(1.) In triangle AA"L, given AL=10, AA"=5, and 
included angle A"AL = 5 points or 56° 15', to find the 
other angles ; hence angle AA"L = 93° 49' 30", and 
ALA"= 29° 55' 30". 

(2.) In triangle A'D'C are given A"C'=6, Cjy=l4, 
and angle iyA"C'= 180°~93° 49' 30"= 86° 10' 30". to 
find angle A"D'C= A"LL'=26° 19' 0" 
adding ALA"=29 56 30 

. * . course of steamer =55 14 30 to the right of ad. 
bearing of adm. N.W.b.N.=33 45 left of north 

.*. course of look-out =^21 29 30 right of north 

or N.N.E. nearly. 

(3.) In triangle ALA" are given AL = 10, angle 
AA"L=93°49'30". and angle A"AL=5points=56°15', 
to find the side LA"=8-33. 

(4.) In triangle A"LL' are given LA"= 8*33, angle 
LA"L'= 86° 10' 30", and A"L'L = 68° 30^ 30", to find 
LL'= 8*94, the distance run by look-out. 

To find the course and distance run of the reinforce- 
ment. 

(1.) To find BV or AA' the distance run by admiral. 
BV':VV'(=9-42)::6:10 
.-. BV'=5*62 
Or thus : in triangle VBV are given all the angles 
and side VV to find BV. 
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(2.) To find distance AV. 

In triangle ABV are given two sides, AB and BV, 
and included angle ABV, to find AV'= 8 miles. 
(3.) To find course of reinforcement. 
In same triangle find angle BAV'= 29° 44' left of B. 

bearing of B, S.E.= 45 left of S. 

bearing of reinforcement = 74 44 left of S. 
hence course of reinforcement =E.b.S.-|^S. nearly. 

To find time of reaching their appointed stations. 
10 : 9'42 : : 1 h. : ^ = 56 min. for vice-admiral 
14 : 8*92 : : 1 h. : J? = 38 min. for look-out. 
To find the rate of steaming of reinforcement, we have 
56m. : 1 h. :: 8 : J? = 8^ miles. 

The above belongs to a very important class of 
problems connected with naval tactics and the evolu- 
tions of steam squadrons. A knowledge of these subjects 
will become of more importance hereafter, when it is 
found that a fieet of steamers may be handled with 
almost the same precision as an army; even now our 
steamers are sufficiently numerous to compose fleets for 
warlike purposes. Captain C. R. Moorsom's treatise 
"On the Principles of Naval Tactics" deserves the 
attention of the naval student. In it he will find pro- 
blems similar to the one given above, solved by means 
of tables, by inspection. In &ct, to render such problems 
of any practical value, tables for facilitating the compu- 
tations must be constructed ; but to do this (or even to 
apply them with ease to any given case when they are 
formed) requires a knowledge of the principles such as 
the above problem teaches. The following, taken from 
Captain Moorsom's book, are here given as exercises to 
the student in constructing the figure and working out 
the answer by trigonometry. 
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(1.) An admiral steering W. five knots, wind south, 
with a frigate stationed two miles on his larboard 
quarter bearing SJB., makes signal to her to look out 
N. twelve miles : how must she steer ? Ans, N.W. 

(2.) Let the admiral steer W. five knots, and the 
frigate be S.W. (on his larboard bow) twelve miles dis- 
tant, and her signal be made to look out north, nine 
miles : how must she steer ? Ana. N.b.W.|-W. 



THE COMPASS. 




SOLUTIONS 



OF 



PROBLEMS IN NAVIGATION. 



(1.) Two distinct methods are used for navigating 
a ship from one place to another ; the first is an applica- 
tion of the common rules of plane trigonometry ; the 
other requires a knowledge of spherical trigonometry, 
and of the principal definitions and facts in astronomy. 
The latter is for this reason called Nautical Astronomy ; 
the characteristic name of the former being Navigation 
or plane sailing. 

(2.) The necessary angles and measurements in the 
first method are supplied by means of the compass and 
log-line ; in the second and more exact method they are 
obtained by astronomical observations. 

(3.) The brief investigations of the principal rules in 
navigation which we intend to give may properly follow 
in this place, immediately after the problems in sur- 
veying, &c., which may be looked upon as introductory 
to the subject; whilst the astronomical problems will 
form an appropriate introduction to the rules and inves- 
tigations in nautical astronomy. 

(4.) In pages 29, 30 are given definitions of the prin- 
cipal terms used in navigation ; these are^ the course, 
distance, true difference of latitude* difference of longi- 

i2 
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tade, departure, and meridional difference of latitude. 
The formuloe from which the rules in navigation are de- 
rived are the following : * 

departure = distance . sin. course [l] 

true diff. lat. = distance . cos. course [2^ 

diff. long. = meridional diff. lat. . tan. course . [3] 
In parallel sailing (or when the ship is sailing due east 
or due west) : 

distance = diff. long. . cos. lat [4] 

(5.) We will proceed to prove these four formulas, 
and deduce from them the common rules of navigation. 
[1]. To prove that departure = dist. . sin. course. 
Suppose the ship to sail from A to F (fig. p. 29), 
cutting all the intermediate meridians at the same angle, 
PAB, PBC, &c. ; this common angle is the course ; the 
arc AF is the distance ; and if, in the figure, the triangles 
ABH, BCI, &c. are taken so small that they may be 
considered as right-angled plane triangles (p. 30), then 
HB + IC .... +MF is called the departure. 
In tri. ABH, HB = AB sin. HAB = AB sin. course 
. . . BCI, IC = BC sin. IBC = BC sin. course 

. . . EFM, MF = EF sin. MEF = EF sin. course 
.-. HB+IC... +MF=(AB+BC...+EF).sin.course 
or departure = distance . sin. course. 
[2]. To prove that true diff. lat. = dist. . cos. course. 
In the same triangles ABH, BCI, &c. 
AH = AB COS. course 
BI = BC COS. course 



•> • 



EM = EF cos. course 
AH+BI...+EM=:(AB+BC...+EF). COS. course 
or true diff. lat. = distance • cos. course. 
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[3]. To prove that diff. loiig.=:mer.diff. lat . tan. course. 
In a Mercator's chart the meridians are drawn pa- 
rallel to each other, and perpendicolar to the equator, 
and therefore the parts of parallels of latitude, as BH, CI, 
&c. are increased and become equal to one another, and 
to the corresponding parts U V, VW, &c. of the equator 
(p. 30). To preserve the similarity of the triangular 
spaces on the chart that correspond to the triangles 
ABH, &c. the sides AH, AB must be increased in the 
same proportion that HB has been increased. Hence, 
when HB + IG . . . . + MF increase and become the 
difference of longitude, the arcs AH + BI . . . +EM, or 
AO, will increase and become what is called the meridi- 
onal difference of latitude between A and F ; and, more- 
over, each of the lines into which AB, BC .... £F are 
projected will be inclined to the parallels at the same 
angle as the course, since the triangles on the chart are 
eimilar to those on the globe ; and as they cut the pa- 
rallels at the same angle, they must be in one and the 
same straight line. Hence the meridional difference of 
latitude, difference of longitude, and the line into which 
the distance AF is projected, form a right-angled plane 
triangle, in which 

diff. Ion?. 

:r .^ ° = tan. course 

mer. diff. lat. 

or diff. long. = mer. diff. lat. . tan. course. 

Parallel Sailing. 

[4]. To prove that distance = diff. long. . cos. lat. 

When the course =z 90^, or the ship is sailing on a 
parallel, tan. course = oc; and for this, formula [3] gives 
no solution. In this case the course is due east or west ; 
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the distance is the arc of the parallel of latitude inter- 
cepted between the meridians passing through the two 
places ; and the relation between the distance, diff. long., 
and latitude^ required above, may be found by means of 
the formula in Trig. Part II. p. 85, namely, 

FG 



AB 



= COS. AF* 



in which FG is the distance, AB the diff. long,, and AF 
the latitude of the ship. Hence we have this formula 
for solving all the common problems in parallel saiHng : 

dist. , ^ 

•^TTT-j = COS. lat. 

diff. long. 

or dist. = diff. long. . cosw lat. 




* This formula is prored 
in Part II. as foIlowB : 

Let FG be the arc of a 
small circle which is inter- 
cepted between the second- 
aries PA, PB, and which has 
A the same pole, P, as the great 
circle ABD ; then 

FG 



AB 



B COS. AF 



Let the diameter OP cnt the 
plane of GEF in the point C, 
then C is the center of GEF ; 
join CG, CF, which, being in the plane GEF, are perpendicular 
to CP, and therefore the angle GCF is the inclination of the 
planes of PA and PB ; for the same reason, the angle AOB is the 
inclination of the same two planes, therefore the angle GCF = 
angle AOB. But arcs of circles which subtend equal angles at 
their centers are proportional to their radii; consequently 

l!5 = 2E = ^ = sin. POF-cos. FOA, or cos. AF. 
AB OA FO 
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• Middle Latitude Sailing* 

(6.) Another formula, giving results sufficiently cor- 
rect when the distance run hy the ship is not great (such 
as in an ordinary day's sailing), is obtained by consider- 
ing the parallel TS (fig. p. 29) drawn through the middle 
of AO (the difference of latitude of A and F) as equal to 
BH+CI .... +MF (the departure); 

TS 

for then we have ff;y-= cos. TU 

in which TS = departure nearly, UZ = difference of 
longitude, and TU is the latitude of the middle point 
between A and F, and therefore called the middle lati- 
tude. 

Hence ■ ^ , — = cos. mid. lat. 
diff. long. 

or dep. = diff. long. . cos. mid. lat [5] 

(7.) The quantities, distance, true diff. lat., departure, 
and course, may be represented by the three sides and 
an angle of a right-angled plane triangle. This may be 
proved as follows : 

In fig. p. 29, suppose the distance AF to be divided 
into n equal parts, AB, BG . . . £F ; then AF = n AB ; 
.-. the true diff. lat. A0(= AH +BI . . .+EM)=»AH, 

2f since the triangles ABH, BCI, &c. 
are equal in every respect. Make a 
plane triangle Abh equal and similar 
to triangle ABH, and produce Ab to 
B and Ah to C, so that AB = dis- 
tance AF, and AC = true diff. lat. 
AO ; join BC ; then BG shall be at 
right angles to AG, and equal to 
BH+GI .... +MF (the depar- 
ture). 
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For since AB = » • A6 

and AG = n . AA 

• *• AB and AC are cut proportionally in the points b and 
h; hence BC is parallel to bh, and therefore at right 
angles to AC. 

Again, in right-angled triangle ABC, 

BC = AB sin. A 
or BC = dist. sin. course 
but, form. [1] p. 122, departure = dist. sin. course 

. * . BC = departure. 

(8.) The two quantities, meridional difference of 
latitude, and difference of longitude, may be represented 
by two sides of a triangle which is similar to the triangle 
ABC in last Art. 

For let AM (p. 125) be taken equal to the meridional 
difference of latitude between A and F (fig. p. 29), and 
the right-angled plane triangle AMN completed; then 
MN will equal the difference of lon^tude UZ ; 

for in the fig. MN = MA tan. A 

= mer. diff. lat . tan. course 
but, form. [3] p. 1 22, diff. long. =mer. diff. lat. . tan. course 

.•.MN = diff. long. 

(9.) In working, therefore, examples in Navigation 
we see that the terms true diff. lat., departure, mer. diff. 
lat., diff. long., and course, may be correctly represented 
by the several parts of two similar right-angled plane 
triangles, and thus (except in the case when the course 
is 90^ or parallel to the equator [p. 123]) the rules in 
Navigation can be made to depend on the solution of a 
right-angled plane triangle. 

(10.) Before we deduce rules from the preceding 
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formulee and principles, we will explain the construction 
of two tables made use of in this part of navigation. 
These are : 

1. The Table of Meridional Parts. 

2. The Traverse Table. 



Construction of the Table of Meridional Parts, 

We have seen (p. 30) that on a Mercator's chart the 
surface of the earth is projected into a plane, such that 
all the meridians become parallel straight lines, and the 
true difference of latitude between any two places is pro- 
jected into the meridional difference of latitude; the 
true diff. lat. having the same proportion to the (pro- 
jected or) meridional difference of latitude as the depar- 
ture has to the difference of longitude into which it is 
projected. The distance (in miles) of any point on the 
chart from the equator is called the meridional parts for 

that latitude. 

Let the arc AE of the meridian 

(the lat. of point £) be projected in 
the manner described above into the 
line ae. Then ae (in minutes or 
nautical miles) is called the meridi- 
onal parts for the lat. £. Similarly, 
if AD be projected into ad, the line 
ad is the meridional parts for lat. D ; 
and ed, the difference of the meri- 
dional parts for latitudes E and D, 
is the meridional difference of lat. 
for E and D. 
The value of ae, the meridional parts for E, may be 

found correctly by means of the Integral Calculus. It 

may be obtained approximately thus : 



Bf-1 


£ 


d 


Df- 


D 




cf- 


C 


e 


b\— 


R 


b 


a"— J 
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a 



e 

— b 
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Draw the meridians PA, PA, and parallels BB, CC, 
&c. sufficiently near each other, that the quadrilateral 
surfaces thus formed may he considered, without any 
practical error, as planes ; this may be done if the arcs 
AB, BC, &c. be not greater than 1 minute ; then the 
quadrilateral surfaces being projected into similar ones 
on the chart, as into ahba, &c. the sides ah bb will have 
the same proportion to each other as AB BB ; that b, 

ab__AB ab _bb _AA_ 1 . . 

W" BB ^^ AB~ BB"" BB""cos. lat. B ^^^ ^ 

=sec. lat. B. 
.* . a& = AB . sec. lat. B 
similarly, be = BC . sec. lat. C 
> cd = CD . sec. lat. D 

de=:DE. sec. lat. £ 
Suppose now AB = BC = CD = DE = 1' 
. • , aft -f 5c + erf -f- cfe, or ae= sec. r + sec. 2' + sec. 3' -f sec. 4' 

A nearer approximation to the value of the meridi- 
onal parts for 4 minutes would be obtained by taking 
the parts AB, BC, &c. each equal to 1", for then the 
meridional parts for 4' would be found from the expres- 
sion, 
mer. parts for 4'= sec. l"-f sec. 2" . . . +sec. 3' 59". 

Hence generally, for any lat. /, 
mer. parts for /°= sec. l"+8ec. 2" . . . +8ec. (/°— 1") 

and in this manner was the first table of meridional 
parts constructed. 

Ex. Having given the meridional parts for 70^ (cal- 
culated as above or otherwise), find the meridional parts 
for 70^ Iff. 
M. P. for 70* 10' - M. P. for 70*+8ec. TOVsec. 70M\ . + seic 70*^ 
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og. sec. 70*^0' , . 0-465948 nat. 


sec. 2-9238 


. . sec. 70 1 . . 0-466296 


2-9262 


. . sec. 70 2 . . 0-466643 


2-9285 


.. sec. 70 3 ..0-466991 


2-9308 


. . sec. 70 4 . . 0-467339 


2-9332 


. . sec. 70 5 . . 0-467688 


2-9355 


. . sec. 70 6 . . 0-468037 


2-9379 


. . sec. 70 7 . . 0-468386 


2-9403 


. . sec. 70 8 ..0-468735 


2-9426 


. . sec. 70 9 . . 0-469085 


. 2-9450 




29-3438 


mer. parts for 70^ 


5965-92 
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.'. mer. parts for 7° 10'. • . . 5995-26 

(11.) A more concise rule for finding the meridional 
parts is as follows, derived from the investigation in the 
note below :* 

* Let /=slat. of D, fig. {p. 127). 

M » coiresponding angular meaaure of ocf, the meridional 
parts for /. 
<//, dM, the contemporary increments of / and M, as the angular 
measures of D£, de in the figure. 

•kT . de dd AA , 

riow. as aboye. — = — = s sec / 

, W aWT , ^^ ^^ ^^ DOV. 

dM - 

or --— = sec. I 
di 



M 



/sec/d/=yl 



COB.ldl 



COS.'/ 



_^ r COB. I dl /4coB./d/__ r— icos./rf/ 
"•^ l-sin.«/ V l+dn./ ^ l-sin. / 

= i log'i (l+sin. — i log»« (1— sm. /) + cor. ( =0) 
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Rule for computing the Meridional Parts, 

Diminish the log. cotangent of half the colatitude 
by 10. Find the logarithm of the remainder, and add 
thereto the constant log. 3*8984895. The result will 
be the logarithm of the meridional parts (in minates) for 
the given latitude. 

EXAMPLES. 

. Required the meridional parts for latitudes 70^ and 
1(f IC. 

[1]. [2]. 

log. cot. lO*' . . 0-753681 log. cot. 9*^55' . 0757390 



log. -753681 . . 1-8771876 log. -75739 . . . 1-8793200 
const, log 3-8984895 const, log 3*8984895 

log. mer. parts 3*7756771 log. mer. parts 3*7778095 
.'• mer. parts . . . 5965*92 .*. mer. parts . 5995*28 

Construction of the Traverse Table, 

(12.) This table contains the true difference of lati- 
tude (diff. lat.) and departure (dep.) corresponding to 



V2C08.H^1 1 X 17 

^^ = log..cot.l/, 

Reducing to common logarithms (Part II. p. 108), 
M » 2-3025851 log.iocot. \l^ 
«- ^, arc orf(inmin.) 

NowM«— —«— t-t: r4r 

rad. lad. (m nun.) 

mer. parts for lat. / 
" 57***29577x60 
.*. meridional parts - 57^*29577 x 60 x 2*3025851 log.io cot. V^ 

In logarithms, 
log. mer. parts for lat. / =« 3'8984895+log.{o (log.io cot. Jcolat.-10) 
which, in words^ is the role given aboye. 
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every cotirse from (f to 90®, and for every distance from 
1 mile to aboat 300. It is constructed as follows : a 
course and distance being assumed, the true difference 
of latitude and departure are computed for that course 
and distance by fig. p. 125, or by the formulae [1] and 
[2], p. 122, namely : 

true diff. lat. = dist. . cos. course 
dep. = dist. . sin. course, 

Ex. Given the course 25° and distance 26 miles ; 
compute diff. lat. and dep. 

true diff. lat = 26 . cos. 25"^ 
dep. = 26 . sin. 25** 

log. 26 1-414973 log. 26 1-414973 

log. COS. 25** 9-957276 log. sin. 25° 9-625948 

log. true diff. lat. . 1*372249 log. dep. . . 1-040921 
. .'.true diff. lat. . . . 23-56 .*. dep. . . . 10*99 

When the difference of latitude and departure are 
computed up to 45*^, the diff. lat. and dep. for courses 
above 45° may be found by interchanging the titles to 
the columns. Thus, to find the diff. lat. and dep. for 
65° and distance 26 miles, 

T. D. lat. for 65°= 26 . cos. 65°= 26 .sin. 25°=dep. for 25° 
dep. for 65°= 26. sin. 65°= 26. COS. 25°=diff. lat. for 25® 

Hence the diff. lat. and dep. for any course, are the 
dep. and diff. lat. respectively of the complement of that 
course. The difference of latitude and departure being 
computed in this manner, the quantities are tabulated in 
a form similar to the one on the other side : 
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DiBTAKCS 26 MiLKB. 


Coune. 


Diff. lat. 


Dep. 


Course. 


2' 
25* 

45* 


23-66 


10*99 


Br 

88 

• 
• 

65 

• 

• 
• 

• 

45 


Coune. 


Dep. 


Diff. lat. 


Coune. 



We will here insert the usual preliminary or subor- 
dinate rules in navigation, before we ^ew the practical 
application of the preceding problems and tables. 



PRELIMINARY RULES IN NAVIGATION. 



Rule (a). 

To find the true difference of latitude, having given 
the latitude from and latitude in.* 

(1.) When latitude ^om and latitude in have Uke 
names, that is, are both north or both south. 

Under the latitude from, put down the latitude in» 
take the difference and reduce the same to minutes ; place 
N. or S. against the result according as the latitude in 
is north or south of the latitude from ; the remainder is 
the true difference of latitude. 

(2.) When latitude from and latitude in have unlike 
names, that is, one north and the other south. 

Take the sum of the two latitudes, reduce it to mi- 
nutes, and attach N. or S. thereto according as the lati- 
tude in is north or south of the latitude from ; the result 
is the true difference of latitude, 

EXAMPLES. 

1. Find the true difference of latitude, having given 
latitude from = 42° 10' N., and latitude in 50°48'N. 

lat. from 42° K/N. 
lat. in 50 48 N. 



8 38 
60 



T. D. lat. 518 N. 

* The latitude of the place left is called the latitude /rom, the 
latitude of the place arrived at is called the latitude in. 
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2. Find the true difference of latitude, having given 
latitude from 3° 42' N., and latitude in 2*^ 40' S. 

lat. from 3°42'N. 
lat. in 2 50 S. 



6 32 

60 



T. D. lat. 392 S. 

Find the true difference of latitude in each of the 
following examples : 





Lat. from 


Lat. in 




Answers. 


3. 


33^42'N. 


40°40'N. 


T.D. 


lat. 


= 418 N. 


4. 


40 40 N. 


33 42 N. 








= 418 S. 


5. 


3 42S. 


1 40 N. 






= 322 N. 


6. 


3 8S. 


14 42 S. 






= 694 S. 


7. 


68 48 N. 


38 30 N. 






= 1818 S. 


8. 


14 14 N, 









= 854 S. 



Rule(b). 

To find the meridional difference of latitude, having 
given the latitude from and latitude in. 

Take the meridional parts for the two latitudes from 
the table of meridional parts ; subtract, if the names be 
alike, and add if the names be unlike ; the result is the 
meridional difference of latitude, N. or S. being attached 
thereto according as the latitude in is north or south of 
latitude from. 

* EXAMPLES. 

9. Find the meridional difference of latitude, having 
given latitude from 42° 10' N., and latitude in 50*^48' N. 
lat. from 42**10'N. mer. parts 2795-2 N. 

lat. in 50 48 N. mer. parts 3549*8 N. 

mer. diff. lat, 7546 N, 
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10. Fiiid the meridional difference of latitude, having 
given latitude from 3*" 42* N„ and latitude in 7° 32' S. 

lat. from 3*^ 42' N. mer. parts 222*2 N. 

lat. in 7 32 S. mqr. parts 453'3 S. 

mer. diff. lat. 675-5 S. 

Find the meridional difference of latitude in each of 
the following examples : 



Lat from 

11. 34^42'N. 

12. 14 14 N. 

13. 84 10 N. 

14. 2 8 S. 

15. 4 5 N. 

16. 



Lat. in Answeis. 

33^ 15' N. M.D. lat. = 104*9 S. 



30 14 N. 

80 30 N. 

3 10 N. 

4 5 S. 
2 45 N. 



= 1041-7 N. 
= 1681-5 S. 
= 318-1 N. 
= 490-4 S. 
= 165-1 N. 



Rule (c). 

To find the middle latitude, having given the latitude 
from and latitude in. 

The names heing supposed to be alikey that is» both 
north or both south. 

Add together the two latitudes, and take half the 
sum ; the result is the middle latitude. 

When the names are unlike, the mid. lat. (which is 
seldom required but for obtaining the departure) should 
be found by means of a table ; but in this case it may 
perhaps be as well to avoid the use of the middle lati- 
tude in any of the common problems in navigation. 

EXAMPLES. 

17. Plnd the middle latitude, having given latitude 
from 3° 42* N., and latitude in 13° 62' N. 
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latftom 3°42'N. 
lat-ui 13 52 N. 



2)17 34 
mid. lat. 8 47 N. 

Find the middle latitude in each of the following 
examples : 

Lat. from Lat. in Answen. 

18. 38°42'N, 30°30'N. mid. lat. 34o se* N. 

19. 62 17 S. 62 30 S. 62 23i S. 

Rule (d). 

To find the difference of longitude, have given the 
longitude from and longitude in. 

(1.) When the longitude from and longitude in 
have like names; that is, are both east or both west. 

Under longitude from put longitude in, take the 
difference, and reduce the same to minutes ; place £. or 
W. against the remainder according as the longitude in 
is east or west of longitude from ; the remainder will be 
the difference of longitude. 

(2.) When the longitude from and longitude in 
have unlike names, that is, one east and the other west. 

Take the sum of the two longitudes, reduce it to 
minutes, and attach £. or W. thereto according as the 
longitude in is east or west of the longitude from ; jthe 
result is the true difference of longitude. 

Note. If the difference of longitude found by this rule exceed 
180® it must be subtracted from 360% and the remainder brought 
into minutes must be considered the difference of longitude, with, 
the contrary letter attached to it. 
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EXAMPLES. 

20. Find the difference of longitude, having given 
the longitude from = 110° 42^ W., and longitude in 
100° 42' W. 

long, from 1 10° 42' W. 

long, in 100 42 W. 

10 
60 



diff. long. 600 £. 

21. Find the difference of longitude, having given 
long, from 12° 10' E., and long, in 2° 45' W. 

long, from 12° 10' E. 
long, in 2 45 W. 





14 55 






60 






diff. long. 895 W. 




Find the difference of longitude 


in each of the fol- 


lowing examples : 






Long, from 


Long, in 


Answers. 


22. 33°40'E. 


40° 10' E. 


Diff. long. 390 E. 


23. 104 W. 


110 30 W. 


390 W. 


24. 2 45 W. 


3 30 E. 


375 E. 


25. 


4 10 W. 


250 W. 


26. 3 low. 


3 10 E. 


380 E. 


27. 179 E. 


179 W. 


120 E. 



Rule (e)» 

To find the latitude in, having given the latitude from 
and true difference of latitude. 
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(1.) When the latitude from and true diflference of 
latitude have like names. 

To the latitude from, add the true difference of lati- 
tude (turned into degrees and minutes, if necessary) ; the 
sum will be the latitude in, of the same name as the 
latitude from. 

(2.) When the latitude from and true difference of 
latitude have unlike names. 

Under the latitude from put the true difference of 
latitude (in degrees and minutes, if necessary) ; take 
the less from the greater ; the remainder, marked with 
the name of the greater, is the latitude in. 

EXAMPLBS. 

28. Find the latitude in, having given the latitude 
from 42<> 30' N., and true difference of latitude 342* N. 

60 )342' N. lat. from 42° 30' N. 

5° 42' N. T. D. l at. 5 42 N . 

lat. in : . 48 12 N. 

29. Find the latitude in, having given the latitude 
from 2'' 40' S., and true difference latitude 342' N. 

60)342' N. lat from 2° 40' S. 



5°42'N. 


T.D.lat.5 42 N. 




lat. in 


3 2N. 


Find the latitude 


in, in each of the following ex- 


amples : 






Lat. from 


T. D. lat. 


Answers. 


30. 30^10' N. 


182' N. 


Lat. in 33°12'N. 


31. 3 2S. 


190 N. 


8N. 


32. 2 48 S. 


368 N. 


3 20 N. 


33. 2 48 S. 


288 N. 


2 ON. 


34. 4 48 N. 


288 S. 





36. 10 N. 


228 N. 


3 58 N. 
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Rule (/). 

To find the longitude in, having given the longitude 
from and the difference of longitude. 

(1.) When the longitude from and diff. long, have 
like names. 

To the long, from, add diff. long, (turned into de- 
grees if necessary) ; the sum will be long, in, of the 
same name as long. from. 

(2.) When the long, from and diff. long, have unlike 
names. 

Under long, from put diff. long, (in degrees and mi- 
nutes, if necessary) ; take the less from the greater ; the 
remainder, marked with the name of the greater, is the 
long. in. 

Note. If the long, in, found as above, exceed 180°, subtract 
it from 360°, and attach to the remainder the contrary name to 
the one directed in the Rule. 

EXAMPLES. 

36. Find the long, in, having given long, from 
38°42'W., and diff. long. 384-5' W. 

60)384-5 long, from 38°42'W. 

go 24-5' W. ^^' ^^^S' ^ 24*5 W. 

long, in 45 6*5 W. 

Find the longitude in, in each of the foUowing ex- 
amples : 

Long, from Diff. long. Answers. 

37. 62^32' E. 1000-5'W. long, in 45°51-5'E. 



38. 2 30 E. 126-6 E. 

39. 3 40 W. 220-0 E. 

40. 100-4 W. 

41. 179 59 W. 20 W. 



4 36-6 E. 

^ 

1 40-4 W. 
179 59-0 E. 
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THE COMPASS AND LOG-LINE. 

The Compass card is represented on page 120; each 
quadrant is divided into eight equal parts, called points ; 
each point therefore contains 11^ 15'. The names of 
the points are formed as follows : 

Middle point between N. and £. is formed by putting 

these letters together, thus . . . N.E. 
Middle point between N. and N.E. is formed thus N.N.E. 
Middle point between £. and N.E. is formed thus E.N.E. 
One point from N. towards E. is N. by E, or . N.b.E. 

E N.isE. byN. or . E.b.N. 

N.E N. is N.E. by N. or N.E.b.N. 

N.E. .... E. is N.E. by E. or N.E.b J:. 

The points of the compass are frequently referred to 
with respect to their position to the right or left of the 
cardinal point towards which the spectator is looking ; 
thus, N.E. is said to be 4 points to the right of north ; 
E.b.N. is 7 points to the right of north. Each point, 
moreover, is subdivided into quarter points, and named 
from the adjacent points ; thus, '2^ points to the right 
of north is N.N.E.|-E. ; 7f points to the right of north 
is E.b.N.JE. or E.^N. 

The other three quadrants are divided and referred 
to in a similar manner. 

Attached to the compass, and coinciding with the 
line N.S. is a magnetic bar of steel, by means of which 
the card, when balanced on a fine point near its center, 
will indicate the compass bearing or direction of any 
object beyond it. Thus> the compass being placed near 
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the helm, the bearing of the ship's head is seen at once, 
and the direction in which the ship is steered is readily 
noted. 

The Log-line, 

The log is a flat piece of thin wood of a quad- 
rantal form, loaded in the circular side with lead suffi- 
cient to make it swim upright in the water ; to this is 
£Eistened a line about 150 fathoms long, called the log- 
line, which is divided into certain spaces called knots; 
the length of each knot is supposed to be the same part 
of a nautical mile (6120 feet) that half a minute is of 

an hour, hence 1 knot = =51 feet. If, therefore, 1 

knot runs out in half a minute (shewn by a half-minute 
glass), the rate of the ship is supposed to be 1 mile an 
hour ; if 2 knots, the rate is 2 miles an hour, and so on. 
The length of the knot is very rarely so much as 51 
feet, and the hour-glass used is not always a half- minute 
glass ; various modifications of the two instruments are 
made, to render this method of measuring the ship's 
way tolerably correct; these will be more clearly seen 
in the use of the instruments themselves. 

Correcting Courses. 

Three corrections are sometimes necessary to be 
applied to the course steered by compass, to reduce it to 
the true course ; and the converse. These are called : 

(1.) The variation of the compass. 

(2.) The deviation of the compass. 

(3.) The leeway. 

(1.) The Variation of the Compass. 
The magnetic needle seldom points to the true north. 
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Its deflection to the east or west of the true north is 
caUed the variation of the compass ; it is different in dif- 
ferent places, and it is also subject to a slow change in 
the same place. The variation of the compass is ascer- 
tained at sea by observing the magnetic bearing of the 
sun when in the horizon, or at a ^ven altitude above it. 
From this observation the true bearing is found by rules 
given in nautical astronomy. The difference between 
the true bearing and the observed bearing by compass 
determines this correction. 

The method of correcting the course for varia- 
tion will be more readily understood by means of an 
example. 

Suppose the variation of the compass is found to be 
2 points to the east, that is, the needle is directed 2 
points to the right of the north point of the heavens ; 
then the N.N.W. point of the compass card will evi- 
dently point to the true north, and every other point on 
the card will be shifted round 2 points. If, therefore, a 
ship is sailing by compass N.N.W. , or, as it is expressed, 
the compass course is N.N.W., her true course will 
be north ; that is, 2 points to the right of the compass 
course. In a similar manner it may be shewn that, 
when the variation is 2 points westerly, the true course 
will be 2 points to the left of compass course. Hence 

this rule : 

Rule (g). 

To find the true course, the compass course being 

given. 

Easterly variation allow to the right. 

Westerly left. 

From the preceding considerations it will be easy to 
deduce the converse rule, namely : 
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Rule (h). 

To find the compass course, the true course being 

given. 

Easterly variation allow to the left. 

Westerly right. 

EXAMPLES TO RULES (^) AND (K), 

42. Find the true course, having given the com- 
pass course N.W.^W. and variation S^W. 

pts. qrs. 
Compass course 4 2 left of N. 
variation 3 1 left.* 



true course .... 7 3 left of N. = W.^N. 

43. Find the compass course, having given the true 
course W.^N. and variation 3^W. 

pts. qrs. 
True course ... 7 3 left of N. 
variation 3 1 right 

compass course 4 2 leftof N.=N.W.|^W. 

Find the true course in each of the following ex- 
amples : 

Compass course. Var. Answers. 

44. N.N.E. 2iW. N.iW. 

45. N.W. IJE. N.N.W.^W. 

46. S.W.JW. HE. W.S.W.iW. 

47. S. 2W. S.S.E. 

48. W. 2iE. N.W.b.W.JW. 

* When names are alike, (that is, both left or both right,) 
add: when unlike, mbtraet, marking remainder with the name of 
the greater. 
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Find the compass course in each of the following 


examples : 




Tme course. 


Var. Angwers. 


49. N.N.E.iE. 


iW. N.N.E.JE. 


50. N. 


liE. N.b.W.iW. 


51. S.S.W, 


2W. S.W. 


52. S.W. 


S.W. 


53. N.b.W.iW. 


HW. N. 



(2.) Deviation of the Compass. 

This correction of the compass arises from the effect 
of the iron on board ship on the magnetic needle, in de- 
flecting it to the right or left of the magnetic meridian. 
The increased quantity of iron used in ships, especially 
in steamers^ has caused this correction to be attended 
to now more than formerly, as its effects and magni- 
tude have become more perceptible. The amount of the 
deviation arising from this local cause varies as the 
mass of iron changes its position with respect to the 
compass. When a fore and aft line coincides with the 
direction of the magnetic meridian, the iron in the ship 
may be supposed to be nearly equally distributed on both 
sides of the needle, and its effect in deflecting the needle 
may be inappreciable. In other positions of the ship 
with respect to the magnetic meridian, the iron may 
produce a sensible deflection of the needle; and this 
deflection or deviation will in general be the greatest 
when the ship's head points to the east or west. 

Various methods are used to determine this correc- 
tion. The one usually adopted is to place a compass 
on shore, where it may be beyond the influence of the 
iron of the ship, or any other local disturbing force, 
and to take the bearing of the ship's compass, or some 
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object in the same direction therewith ; at the same 
time, the observer on board takes the bearing of the 
shore compass ; then, if 180^ be added to the bearing 
of the shore compass, so as to bring it round to the op- 
posite point, the difference between the result and the 
bearing of ship's compass will be the amount of the 
deviation of the compass for that position of the ship. 
The ship is then swung round one or two points, and a 
similar observation made; and thus the local deviation 
found for a second position of the ship. This being 
repeated for every point or two points of the compass, 
the deviation is thus known for all positions of the ship. 
A table, similar to the one below, is then formed, and 
the courses corrected for this deviation by the following 
rules ; which resemble those already given for correcting 
for valuation. 



Deviation 


qfC 


ompass of H,M,S, ,/or given positions (^ 








the Ship' 


sHead: 






Direction of 




Deviation of 


Direction of 




[>eviation of 


ship's head. 

N. 


E. 


compass. 

nearly 

2° 45' or Ipt. 


ship's head. 
S. 


W. 


compass. 

nearly 

3* 0' or i pt. 


N.b.E. 


E. 


4 57 


ori.. 


S.b*W. 


w. 


4 20 or i . . 


N.N.E. 


E. 


7 30 


or}.. 


s.s,w. 


w. 


5 or ^ . . 


N.E.b.N. 


E. 


9 a 


or|.. 


S.W.b.S. 


w. 


6 7 or J.. 


N.E. 


E. 


10 


or}.. 


s.w. 


w. 


7 or J . . 


N.E.b.E. 


E. 


10 55 


or 1.. 


S.W.b.W. 


w. 


7 27 or J . . 


E.N.E. 


E. 


10 40 


or 1.. 


W.S.W. 


w. 


7 50 or |.. 


E.b.N. 


E. 


9 55 


or|.. 


W.b.S. 


w. 


8 20 or |.. 


E. 


E. 


8 50 


ori.. 


w. 


w. 


8 50 or 1 . . 


E.b.S. 


E. 


7 15 


or J.. 


W.b.N. 


w. 


8 10 or }.. 


£.S*E. 


E. 


5 35 


ori.. 


W.N.W. 


w. 


6 50 or i . . 


S.£}.b.£. 


E. 


3 40 


or J.. 


N.W.b.W. W. 


5 40 or 1 . , 


S.E. 


E. 


1 50 


or J.. 


N.W. 


w. 


4 50 or i . . 


S.E.b.S. 


E. 


20 


or .. 


N.W.b.N. 


w. 


3 20 or 1 . . 


S.S.E. 


W. 


, 56 


or 0.. 


N.N.W. 


w. 


1 40 or 0.. 


S.b.£. 


W 


. 2 20 


or I.. 


N.b.W. 


E. 


1 10 or 0.. 
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Rule (t). 

To find the true course, having ^ven the compass 
course and the deviation. 

Easterly deviation allow to the right. 
Westerly left. 

BXAMPLBS. 

54. Correct the compass course W.b.S. for devia-> 
tion i W. (known from table, p. 145). 

ptfl. qn. 

Compass course 7 right of S. 
deviation 3 left 



true course .... 6 1 right of S. 
or W.S.W.iW. 

65. Correct the compass course N.W.JW. for devi- 
ation ^W. (from deviation table, p. 145), and also for 
variation of compass 3^W. 

ptfl. qn. 
Compass course .... 4 2 1. N. 
deviation .... 2 1. 

variation .... 3 1 1. 

3 3 1. 

true course 8 1 1. N. 

16 



or true course ..... 7 3 r. S. = W.^S. 

Find the true course in each of the following ex- 
amples, by correcting for deviation from table, p. 145, 
and for variation. 

Compass course. Var. Answers. 

56. N.N.E. 2iW. N.iE. 

57. N.W. IJE. N.NW.|W. 
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Compass couree. Var. ' Answers. 

58, S.W.JW, IfE. S.W.b.W.JW. 

59- S. 2W. S.S.RiB. 

^0. W. 2iE. W^N.W.iW. 

61, W.JN. liW. W,S,W.iW. 

Ride (k). 

To find the compass course, having given tiie true 
course and deviation. 

Easterly deviation allow to the left. 

Westerly right. 

Note. The true course i^uld first be corrected for variation 
(if any) by Rule (A), (which i««milar to the above), so as to get 
a compass course nearly, and then this coune for deviation, from 
table, p. 145. 

SXAMPLBS. 

62, Required the compass course, the true course 
being W-S-W.^W., variation 0, and deviation JW. (see 
table). pte. q„. 

IVue course . . 6 1 r. S, 
deviation Q 8 r. 

compass course 7 r. S., or W.b.S, 

63. Required the compass course, the true course 

being S.W., variation o£ compass 2j^E., and deviation 

as in table, p* 145. 

pts. qrs. 

True course 4 r. S. 

variation 2 11 . 

compass course nearly 1 3 r. S., or S.b.W.JW. 
deviation 2 r. 

compass course .... 2 1 r. S. = S.S.W.JW. 

Required the compass course in each of tiie follow* 
ing examples (for deviation, see table, p. 145) : 
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Tnie course. 


Vaj. 


Answers. 


64, 


N.iE. 


2iW. 


N.N.E. 


65. 


N.N.W.fW. 


IJE. 


N.W. 


66. 


S.W.b.W.}W. 


HE. 


.W.iW. 


67. 


S.S.£.-}E. 


2W. 


S. 


68. 


W.N.W.iW. 


2iE. 


w. 


69. , 


W.S.W.iW. 


HW. 


W.|N. . 



(3.) Leeway. 

This correction is the angle which the ship's track 
makes with the direction of a fore and aft line : it arises 
from the action of the wind on the sails, &c. not only 
impelling the ship forwards, but pressing against it side- 
ways, so as to cause the actual course made to be to 
leeward of the apparent course, as shewn by the fore and 
aft line. The amount of leeway differs in different ships, 
depending on their construction, on the sails set, the 
velocity forwards, and other circumstances. Experience 
and observation, therefore, usually determine the amount 
of leeway to be allowed. 

Rule (/). 

The method of correcting for leeway will be best 
seen by the following example: 

Suppose the apparent 
course is S.S.W.JW., and 
leeway 2 points, the wind 
being S.E., required the cor- 
rect course. 

Draw two lines at right 
angles to each other towards 
the cardinal points of compass^ 
and a line, as Ca, to represent 
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(roughly) the course of the ship, and another to repre- 
sent the direction of the wind (S.E.); then it will be seen 
that the corrected course, as CT, will be to the right of 
the apparent course; the observer being always sup- 
posed to be at the center, C, and looking towards the 
cardinal point from whence the course is measured ; 

hence 

pts, qrs. 

Apparent course • . . 2 2 r. S. 
leeway 2 r. 

corrected course • . . 4 2 r. S. = S.W.JW. 

EXAMPLES. 

Correct the following courses for leeway, so as to 
find the true courses : 

Apparent course. Wind. Leeway. Answers. 

70. N.N.E. W.N.W. li N.E.iN. 

71. N.W. N.N.E. 2 W.N.W. 

72. E.S.E. S. 2i E.iN. 

73. E. N.b.E. i E.JS. 

Correct the following compass courses for deviation, 
variation, and leeway, so as to find the true courses. 
The deviation is found in table, p. 145, and the variation 
of compass is supposed to be in each example 2|- W. 

Course. Wind. Leeway. Answers. 

74. N.W.iW. W.S.W. 2J N.W.JW. 

75. S.E.^E. E.N.E. 2^ S.E.^E. 

76. W.iS. S.S.W. 2 W.S.W.iW. 

77. N.JW. W.b.N. li N.b.W.iW. 

These examples may be worked out in the following 
manner: 
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qn. pts. 

Ex. 74. Compass cotine. ... 4 1 1. N. 

dev. 21. 

var 2 21. 

8 OL 

7 ILN. 
leeway 2 2 r. 

true course 4 3 1. N. = N.W.f W. 

Air BXAMINATIOK FAPBB IN THB PBECBDIITG PBINCIPLB8. 

(1.) Give definitions of the following terms used in 
navigation : course, distance, true difference of latitude* 
difference of longitude, departure, and meridional differ- 
ence of latitude. 

(2.) Prove the four fundamental formulae in nayiga- 
tion from which the rules are derived. 

(3.) Prove that the terms, distance, true diff. lat.» 
dep., and course may be correctiy represented by the 
three sides and an angle of a right-angled plane triangle; 
and that the mer. diff. lat. and diff. long, may be repre- 
sented by two sides of a triangle which is similar to the 
above. 

(4.) The arc TS (p. 29) of a parallel of lat., drawn 
through the middle lat., is not exacUy equal to the de* 
parture between A and F. Shew that the latitude x^ 
in which the parallel is equal to the departure, may be 

. . . . . , T. D. lat. 

found from the expression, cos. lat. x = ^ ^ . ■ 

(5.) Describe the Mercator's chart, and shew that in 
such a chart the course from one place to another is the 
angle which a straight line (as the edge of a ruler) pass* 
ing through the two places makes with the meridian. 
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Rule I. -{Mercator' 8 method)^ 

To find the course and distance from one place to 
another, having given the latitudes and longitudes of 
the two places. 

(1.) find the T. D. lat., diff. long., and M. D. lat. 

(2.) Then if A and F represent 
the two places, there are given AO ^ 
the T. D. lat., MN the diff. long., ^ 
and AM the M. D. lat. ; to find the 
angle A the course, and AF the dis' 
tance, 

(3.) To find course. 

MN diff. long, 
tan. course = -rr-y = , , ^^ ° 

AM M.D. lat. 

(4.) To find distance. a 

dist. = T. D. lat. . sec. course. 

When tan. course is found by (3), take out sec. course 
from the same opening of tables. 

Rule L (in words) » 

(1.) Find true difference latitude, meridional differ- 
ence latitude, and difference longitude ; reduce true dif- 
ference latitude and difference longitude to minutes, 
attaching thereto the proper letters. Rules (a), (b), (d), 

(2.) To find course. From the log. difference longi* 
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tude (increased by 10), subtract the log. mer. diff. lati- 
tude ; the remainder is the log. tan. course, which find 
in the tables, and place before it the letter of the true 
difierence latitude^ and after it the letter of the differ- 
ence longitude, to indicate the direction of course. At 
the same opening of the tables, take out the log. secant 
course. 

(3.) To find distance. Add together log. secant course, 
and log. true difference latitude ; the sum (rejecting 10 
in the index) will be the log. distance, which find in the 
tables. 

BXAMPLBS. • 

78. Required the course and distance from A to B. 
lat. A 45** 15' N. long. A 35° 2^ W. 

lat.B 47 10 N. long.B 32 15 W. 

diff. long, 
tan. course = . . .^ ° 

M. D. lat. 

dist. = T. D. lat. . sec. course. 

lat. A . . 45**15'N. M.P.. . 3051-2 N. long.A35°26' W. 
lat. B.. 47 ION. 3217-4 N. long.B 32 15 W. 



>fig.p. 151. 

5. ) 



1 55 M.D.lat. 166-2 N. 3 11 

60 60 



T.D.lat. 115 N. diff. long. 191 E. 

log.diff.long. + 10, 12-281033 
log. M.D.lat. .. 2-220631 

log. tan. course . . 10-060402 . . log. sec. course 0-182767 
.-. course N. 48^58' E. log. T. D. lat. 2*060698 

log. dist. ... 2-243465 
.*• distance 175' 

Required also the compass course in the above ex- 
ample : var. of compass being 2 points W, and devia- 
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tion on account of local attraction, as in table (p. 145). 
See Rule (k). 

True course 48^58' r. N. 

pts. qrs. 

or 4 1 r. N.* 
variation 2 Or. 

compass course nearly 6 1 r. N.=:E.N.£.^E. 
deviation 101. 

•'. compass course. ... 5 1 r. N.=N.E.b.E.i£. 
Required the course and distance from A to B in 
each of the following examples, by Rule I. or Merca- 
tor's method. 

Lat. fh>m and Long, firom and Anrwera. 

lat. in. long. in. Course and distance. 

79. lat. A 49** 52' S. long. A 17** 22' W. course N. 26** 36' E. 

. . B 42 13 S. . . B 11 50 W. dist. . . 513*3 miles. 

80. lat. A 49 10 N. long. A 29 17 W. course N. 37*48' W. 

.. B 56 45 N. . . B 39 5 W. dist. . . 576 miles. 

81. lat. A 50 48 N. long. A 1 10 E. course N. 4^55' W. 

..B52 35N. .. B 1 25 W. dist. .. 143*8 miles. 

82. lat A 58 24 N. long. A 4 12 W. course N. 32^34' E. 
..B63 17N. .. B 2 13E. dist. .. 347*6 miles. 

83. lat. A 2 37N. long. A 110 42 W. course S. 75** 1 1' W. 

..BOO .. B12036W. dist... 614 miles. 

84. lat A 3 30 N. long. A 33 40 E. course S. 42** 31' £. 
B 4 10S. .. B40 42E. dist .. 624 miles. 



• • 



Required also the compass courses in examples 82, 
83, and 84, the variation of compass being 2 points E., 
and deviation as in table, p. 145. See Rule {k), 

ANSWBBS. 

82. compass course . . N.|E. nearly. 

83 S.W.b.W.^W. nearly. 

o4. . . . . . . £.S«E.-}E. „ 

* De^grees are conyerted into points, or the conyerse, by means 
of the table for that purpose in the nautical tables. 
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Rule II. 

To find the latitude in and longitude in, having given 
the course from a given place, and distance. 

In fig. (p. 151), let A he the place sailed from, 
and F the place arrived at; then we have given the 
angle A = course, and AF= distance, to find AO the 
T. D. lat., and MN the diflF. long. 

(1.) To find AO the T. D. lat. 

T. D. lat. = dist. . cos. course. 

(2.) Apply T. D. lat thus founds to lat. from, and 
get lat in. Find meridional parts for lat. from and lat. 
in, and thus determine AM the M. D. lat. 

(3-) To find MN the diff. long. 

diff. long. = M. D. lat. . tan. course. 

(4.) Apply diff. long, to long, from, and thus get 
long. in. 

Rule II, (m words), 

(1.) To find latitude in. Add together log. cos. 
course* and log. distance, the sum (rejecting 10 in the 
index) will he the log. true difference latitude, which 
find in the tahles ; reduce to degrees and minutes, and 
place the letter N. or S. against it, according as the 
course is northward or southward. 

(2.) Apply true difference latitude to latitude from, 
so as to get the latitude in. (Rule e.) 

(3.) To find longitude in. Take out the meridional 
parts for the two latitudes, and get the meridional dif- 
ference latitude. (Rule h.) 

(4.) Add together log. tangent course and log. me- 

* Take out, at same opening of tables, log. tan. course, and 
place it a little to the right. 
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ridional difference latitude ; the sum (rejecting 10 in the 
index) will be the log. difference longitude, which find 
in the tables ; reduce to degrees and minutes, and place 
the letter E. or W. against it, according as the course is 
eastward or westward. 

(5.) Apply difference longitude to longitude from, 
80 as to get longitude in, (Rule/.) 

EXAMPLES, 

85. Sailed from A, N. 37° 10' E., 472-6 miles ; re- 
quired the latitude and longitude in* 

lat. A 27° 20^ N. long. A 25° 12' E. 

(1.) T. D. lat. = dist. . cos, course. 
(2.) diff. long. = M. D. lat. . tan. course. 

log. COS. course 9*901394 log. tan. course 9*879740 

log. dist 2*674494 log. M, D. lat. 2*641474 

log. T. D. lat. . 2'575888 log. diff. long. 2*621 214 

.-. T. D. lat. 376-6' diff. long. 332*1' 

or 6°17'N. M.p. or 5°32'B. 

lat. from 27 20 N. . . 1706 N. long, from 25 12 E. 

lat. in . .33 37 N. . . 2144 N. long, in . . 30 44 E. 

M.D.lat438 

Required the latitude and longitude in, by Rule II. or 
Mercator's method, in each of the following examples, 
having sailed from A as follows : 

Course and dist. Ans'wers. 

from A. Lat. A. Long. A. Lat. in. Long. in. 

86. N. 26<»36'E. SU'ST 49<»52'S. 17*22' W. 42° la's. W5(fW. 

87. S. 48 58 W. 1752 47 10 N. 32 15 W. 45 15 N. 85 26 W. 

88. N. 29 10 £. 373-4 52 10 K. 17 32 W. 57 36 N. 12 15 W. 

89. N. 31 4 W. 318-8 57 40 N. 12 16 W. 62 13 N. 17 45 W. 

90. S. 37 7 E. 370 70 14 S. 25 30 E. 75 9 S. 38 5 £. 

91. N. 47 47 E. 272*4 50 15 S. 15 10 £, 47 12 S. 20 16 £. 
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Middle Latitude method. 

Approximate rules may be formed for finding the 
course and distance from one place to another, the lati- 
tude and longitude of the two places being given ; and, 
conversely, the latitude and longitude in may be found, 
having given the course from a given place and distance, 
by combining formula [5] with formulae [1] and [2], p. 
122, 125. 

Rule in, (Middle Latitude method). 

To find the course and distance, having given the 
latitudes and longitudes of the two places. 

(1.) Find T. D. lat., mid. lat.^ and difip. long. 

(2.) Find departure, 

TS 
In fig. p. 29, -— = COS. TU 

or depi (nearly) = diff. long. . cos. mid. lat. 
(3). In fig. p. 151, given OF and AO, the dep. and 
T. D. lat., to find course and distance, thus : 

dep . diff. long. . cos . mid . lat. 

*^*=°™^"=T:Dnz= — t7d:m. """"^^ 

dist. = T. D. lat. .sec. course. 

Rule III, (in words), 

(1.) Find the true difference latitude, middle lati- 
tude, and difference longitude, (a), (c), (d). 

(2.) To find the course. Add together log. cos. mid. 
lat. and log. diff. long., and from the sum subtract log. true 
difference latitude ; the remainder is the log. tan. course, 
which find in the tables, and mark it with the same let- 
ters as the true difference latitude and difference longi- 
tude. From the same opening take out the log. secant 
of course. 
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(3.) To find distance. To the log. secant course 
just found, add the log. true difference latitude ; the sum 
(rejecting 10 in index) will be the log. distance. 

EXAMPLES. 

92. Required the course and distance from A to B, 

by middle latitude method.' 

lat. A 50^25' N. long. A ^T" 15' W. 

lat. B 47 12 N. long.B 30 20 W. 

,, . diff. long. . cos. mid. lat. 
(1.) tan. course = TyTDA^. 

(2.) dist. = T. D. lat. . sec. course. 

lat. A.. 50° 25' N. . . , 50°25'N. long. A 27*^15' W. 
latB ..47 12 N. ... 47 12 N. long.B30 20 W. 

3 13 2)97 37 3 5 

60 ^'J 1„«. /IQ ylQ 60 



mid. lat 48 48 



T.D.lat. 193 S. diff. long. 185 W. 

log. cos. mid. lat. 9*818681 log. sec. course 0*072849 
log. diff. long. . . 2-267172 log. T. D. lat. 2-285557 

12-085853 log. dist 2-358406 

log. T. D. lat. . . 2-285557 .*. dist. 228-2' 

log. tan. course 9-800296 .;. course S. 32^16' W. 

Required the course and distance from A to B in 
each of the following examples, by middle latitude me- 
thod: 



93. 


Lat. from and 
lat. in. 

lat. A 49° 52' S. 


Long, from and 
long. in. 

long. A 17°22'W. 


Answers. 
Course and dist. 

N.26°40'E. 




lat. B 42 13 S. 


long.B 11 50 W. 


513-6 


94. 


lat. A 21 15 S. 


long. A 30 W. 


S. 14°37'E. 




lat. B 30 27 S. 


long. B 2 10 £. 


570-5 


95. 


lat. A 60 15 S. 


long. A 14 55 E. 


S. 32°50'B. 




lat. B Sb 36 S. 


long. B 22 30 £. 


382 
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Rule IV. (Middle Latitude method). 

To find the latitude and longitude in, having given 
the course from a given place, and distance. 

(1.) To find T. D. lat. In fig. p. 151. given the 
course A and distance AF, to find AO, the T. D. lat. 

T. D. lat. = dist. . cos. course* 

Apply T. D. lat. to lat. from, and thus get lat. in, 
then find middle lat. 

(2.) To find diff. long. 

In same fig., dep. = dist.. sin. course 

TS 

and in fig. p. 29, 77^= cos,TU 

or dep. (nearly) = diff. long. . cos. mid. lat. 

hence, hy substituting the value of departure, 
diff. long.. COS. mid. lat. = dist. . sin. course 

. * . diff. long. = dist* . sin. course . sec. mid. lat. 
Apply diff. long, to long, from, and thus get long. in. 

Rule IV. {in words). 

(1.) To find latitude in. Add together log. cos. 
course* and log. distance ; the sum (rejecting 10 in the 
index) is the log. true difference latitude, which find 
from tables, and mark N. or S. according as the course 
is northward or southward. 

Apply true difference latitude (turned into degrees 
and minutes, if necessary) to the latitude from, and thus 
get latitude in. (Rule e.) Find the middle latitude. 
(Rule c.) 

2. To find lon^tude in. Add together log. sin. 

* Take out at the same time log. sin. course. 
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course, log. distance, and log. secant middle latitude ; 
the sum (rejecting 20 in the index) is the log. differ- 
ence longitude, which find in tables^ and mark £. or W. 
according as the course is eastward or westward. Ap- 
ply the difference longitude (in degrees and minutes) to 
the longitude from, and thus get longitude in. (Rule/.) 



BXAMFLB. 

96. Sailed from A, S, 37"* Kf W., 472-6 miles; re- 
quired the latitude in and longitude in (by middle lat. 
method). 

lat. A 27° 20' S. long. A 25° 12' W. 

(1.) T. D. lat. = dist. . cos. course. 

(2.) diff. long. = dist. . sin. course . sec. mid. lat. 

log. COS. course 9'901394 log. sin. course . 9*781 134 



log. dist 2-674494 

log. T. D. lat. . 2-575888 
.-. T.D.lat. 376-6' 

or 6°17'S. 
lat. from 27 20 S. 



lat. in . . 33 37 S. 



2)60 57 



log. dist 2-674494 

log. sec. mid. lat. 0*064531 

log. diff. long. . . 2-520159 

.-. diff. long. 331-3' 
or 5°31'W. 
long, from 25 12 W. 

long. in. . . 30 43 W. 



mid. lat. 30 28 



Required the latitude and longitude in, by middle 
latitude method^ in each of the following examples, hav- 
ing sailed from A as follows : 



Course and dist. 

from A. Lat. A. Long. A. 

97. N. 25*42' W. 427'8' 64* l(f N. 40* 15* W. 

98. S. 48 58 W. 175'2 47 10 N. 32 15 W. 

99. N. 34 48 W. 383*7 50 25 N. 3 40 E. 



Answers. 
Lat. in. Long. in. 

70*85' N. 48*irW. 

45 15 N. 35 36 W. 

55 40 N. 2 24 W. 
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Parallel Sailing* 

In parallel sailing the ship is supposed to be kept 
on a parallel of latitude^ as TS, fig. p. 29. The course 
will evidently be due east or due west, and the distance 
between two places, as T and S, will be the arc TS be- 
tween the two meridians passing through the places. 

Problems in parallel sailing are solved by means of 
formula [4], p. 122, namely, dist. = diff. long.. cos. lat., 
any two terms of which being given, the third may be 
found. 

Rule V. {Parallel Sailing). 

To find the course and distance, having given the 
latitude of the two places, and their longitudes. 
(1.) Find the difference longitude. 
(2.) The course is evidently due east or due west. 
(3.) To find distance. 

TS 

In fig. p. 29, rr= = cos. TU 

or dist. = diff. long. . cos. lat. 

Rule F. (in words). 

(1.) Find the difference longitude. 

(2.) The course is evidently due east or due west, 
according as the longitude in is to the east or west of 
longitude from. 

(3.) To find the distance. Add together log. cos. 
latitude and log. difference longitude ; the sum (rejecting 
10 in index) is the log. distance, which find in the table. 

EXAMPLES. 

100. Required the course and distance from A to B. 
lat. A 80° N. long. A 3° 60* E. 

lat. B 80 N. long. B 6 10 W, 
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long, from 3^ 50' E. dist. = diff. long. . cos. lat. 

long, in 6 10 W. log. cos. lat. . . . 9-239670 

10 ^^S- diff. long.. . 2-778151 

60 log. dist 2-017821 



600 W. .;. dist 104-2' 

.'• the course is west. 

Requii-ed the course and distance from A to B^ in 
each of the following examples : 





Lat. A and B. 


Long. A. 


Long. B. 


Answers. 
Course and dist. 


101. 


TOGO'S. 


15M0'E. 


22'' ISr E. 


East 144-2' 


102. 


50 48 N. 


5 W. 


5 E. 


East 379-2 


103. 


50 10 N. 


40 25 W. 


50 10 W. 


West 374-7 


104. 


48 10 N. 


100 W. 


110 W. 


West 400-2 


105. 


75 13 N. 


15 20 E. 


£. 


West 234-7 


106. 


80 15 N. 


179 E. 


176 W.* 


East 50-8 



Rule VI. (Parallel Saving). 

To find the longitude in, having given the course 

and distance, and latitude and longitude from. 

TS 
In fig. p. 29, 77= = cos. TU 

.'. UZ = TS.8ec.TU 
or diff. long. = dist. . sec. lat. 

Mark difference longitude E. or W. according as the 
coarse is E. or W. Apply difference longitude to lon- 
gitude from, and thus get longitude in. 

* In this example it Is eyident we must modify the general 
rule; for the diff. long, is never considered to be greater than 180^ 
When, therefore, the aboye rule giyes the diff. long, greater than 
180% subtract it from 360% and apply thereto a contrary letter to 
the one directed by the rule; the result will be the diff. long, to be 
used. 
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Mule VI. (in words). 

Add together log. sec. lat. and log. distance^ the 
sum (rejecting 10 in the index) will be the log. differ- 
ence longitude. Find the natural number thereof, and 
turn it into degrees, and mark it £. or W. according 
as the course is E. or W. Apply difference longitude 
to longitude from, and thus find longitude in. (Rule/.) 

The latitude in is the same as the latitude from. 

BXAMFLE, 

107. Sailed from A due east 1000 miles, required 
the latitude and longitude ia. 

lat. A 32«* 10' S. long. A 28^ 42' W. 

diff. long. = dist. . sec. lat. 

log. sec. lat 0072372 

log. dist 3-000000 

log. diff. long, 3-072372 

.-. diff. long. 1181', or 19°41'E. 
long, from 28 42 W. 

.-. long.in 9 1 W. 

and latitude in == lat. from =32° 10' S. 

Required the latitude and longitude in, in each of 
the following examples : 

Antiren. 
Course and dist. Lat. from. Long. from. . Lat. in. Long. in. 

108. East 492-5' ^2*10'N. 0**29 W. 62'10'N. 12*»54 E. 

109. East 1752 60 ON. 5 10 W. 60 ON. 53 14 £. 

110. East 560 57 32 N. 13 5 W. 57 32 N. 4 18 . 

111. We«t740 60 ON. 50 W. 60 ON. 74 40 W, 



RULES IN NAVIGATION. 163 

The preceding rules are the principal ones used in 
navigation. It would be easy for the mathematical stu- 
dent to make for himself others, by means of the rela- 
tions between the several terms course, dist., dep., &c. 
as shewn by the fig. p. 151. Thus also in the expression 
for parallel sailing, namely, dist. = diif. long. . cos. lat. 
(p. 122), any two of these terms being given the third 
may be found ; as in the following examples : 

Sailed from A, in long. 3° 10' W., 300 miles due 
east, and altered my longitude 10 degrees ; required the 
latitude and longitude in. 

To find latitude. 

, ^ dist. 300 , 

COS. lat. = rrrzr-, = -TTTZ. = t 

diflF. long. 600 ' 
.• . lat. in = 60**, and long, in = 6® 50' E. 

Wishing to make a small island^ I took the ship to 
windward of it in the same latitude with the island, 
namely, 50° 48' N. The longitude of the ship by chro- 
nometer was 20° 35' W., and the long, of the island was 
23® 50' W. What was my distance from the island ? 

In this example of parallel sailing we have given lat. 
50° 48', and difi". long. 3° 15', or 195', to find distance. 

dist. = diff. long. . cos. lat. 

log. diff. long 2-290035 

log, COS. lat 9-800737 

log. dist 2-090772 

•':* dist. 123*2 miles. 
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The Day* 8 Work. 

To find the place of the ship at noon, that is, its 
latitude and longitude, having given the latitude and 
longitude at the preceding noon, the compass courses, 
and distances run in the interval, the deviation of the 
compass for each course on account of local attraction, 
the variation of the compass, the leeway, the velocity 
and direction of current (if any), &c., constitutes what 
is called the Day's Work. 

Rule VII. (the Day's Work). 

(1.) Correct each course for variation (Rule ^), 
deviation (Rule t), and leeway (Rule I) ; thus get the 
true courses, and arrange the same in a tabular form, as 
in the example, p. 168. Add together the hourly dis- 
tances sailed on each course, and insert the same in table 
opposite the true course. 

(2.) Take out of the traverse table the true differ- 
ence latitude and departure for each course and dis- 
tance, putting them down in the columns headed with 
the same letters as in course. Previously to opening 
the traverse table, fill up the columns of true difference 
latitude and departure not wanted, by drawing hori- 
zontal lines ; this will frequently prevent mistakes. 

(3.) If the ship does not ssul from a place whose lati- 
tude and longitude are known, her bearing and distance 
from some near object, as a church-spire, &c. must be 
ascertained, and also its latitude and lon^tude. Then 
the ship is supposed to sail firom this known object to 
her anchorage, her course being the opposite to the bear- 
ing of the object from the ship. This course must be 
corrected like the rest for variation and deviation, and 
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inserted in the table as an actual course, with the dis- 
tance of the object as a distance. 

(4.) If a current sets the ship in any ascertained direc- 
tion, and with a known velocity, these also may be con* 
ceived to be an independent course and distance, and 
must be corrected for variation, and should be for devia- 
tion also, if the latter correction is appreciable, which is 
rarely the case. 

(5.) To find the latitude in* Tlie quantities in the 
four columns of true difference latitude and departure 
being added up separately, the difference between the 
north difference of latitude and south difference of lati- 
tude, with the name of the greater, will give the true 
difference of latitude made at the end of the day. The 
departure is found in a similar manner. Apply triie 
difference latitude to latitude Irom, so as to obtain the 
latitude in. 

(6.) To find the longitude in (since diff. long.s: 
dep. .sec. mid. lat. [125]), add together log. sec. mid. lat. 
and log. departure, the result (rejecting 10 in the index)^ 
is the log. difference longitude. Find this in table, and 
thus the longitude in is found.* 

The following example, worked out in detail, will 
perhaps be sufficient to explain the operations directed 
in the above general rule. 

* Or thus : (without using mid. lat.) 

diff. long. dep. ,„ .^. . 

. J 'A* 1 1^* !)• l&t..dep. 
.. diClong. T. D. lat ^ 

To find diff. long., add together log. M. D. lat. and log. dep., and 
ttom the sum subtract log. T. D. lat. ; the remainder is the log. 
diff. long., which find in the tables. 
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BXAMFLB. 



112, April 27th, 1849, at noon. A point of land in 
latitude Sff" 30' S. and longitude 1 lO"" 20' W. bore by 
compass E.N.E.^E. (ship's head being S.E. by S. by 
compass), distant 14 miles ; afterwards sailed as by the 
following log. account; required the latitude and longi- 
tude in, on April 28th, at noon. 



& 

1 


1 

2-6 


Courses. 


Winds. 


Lee- 
way. 

2} 


Devi- 

ation. 


Bemarks. 




S.W.4W. 


S.b.£. 


P.M. 




2 


3-4 














3 


2-3 














4 


3-2 


W.bAiS. 


S.b.W. 


^ 


*!• 






5 


4*4 














6 


2-3 










Yariation of 




7 

8 


2-3 
3-3 


W.b.N.|N. 


S.W. 


2 


il 


compass 1| £. 




9 


4-0 














10 


5-4 














11 


4-2 














12 

1 
2 


4-4 

3-3 
3-3 






24 


4L 






N.W.iW. 


W.b.S.|S. 


A.M. 




3 


3-6 














4 


4-2 










A current set the 




5 
. 6 

7 
8 


6-3 
3-7 
2-5 
50 


W.b.S. 


S.iW. 


IJ 


|L 


ship the last 8 
hours, by com* 
pass E.^., 2 
miles an hour. 




9 


5-2 


S.W. 


S.b.E. 


^ 


4L 






10 


3-4 














11 


6-3 














12 5*4 1 


• 











(1.) The column in the above table headed deviation 
should be formed from the general table of deviations 
(p. 145) previously to correctbg courses. Thus, in the 
first course in the preceding table, the ship's head is 
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S.W.^W. ; looking in the deviation table we see that 
the corresponding correction is -j W. or •)■ 1. (Rule t.) 

(2.) Form a table such as below> by writing down 
the headings, points, courses, &c. over the seven columns 
which are to be filled in with the corrected courses, 
&c. ... 



Points. 


Courses. 


Distance. 


Di£lst. 


Departure. 


•N. 


S. 


E. 


W. 










• 







N. 



(3.) To correct the courses. 

The courses are more readily corrected by drawing 
two lines at right angles, 
to represent the N.> S., 
E., and W. points of the 
compass, and then a line 
to represent (roughly) the 
compass course of thew. 
ship. The direction in. . 
which the correction for 
leeway must be applied 
will then be easily seen. 

After some experience 
in correcting courses, they. 
can be made mentally, an4 tbe .diagram dispensed with. 



I 


^ 


T 


5? 


V 


c 


7 

2 


\ 


s. 
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To correct the departure couree. ^hich is W.S. W.^W. 
(the opposite bearing to E.N.E.^£.), 

Dmw a line roughly in the fig. W.S.W,iW. as CI, 
it is then seen that pt«.qi» 

compass course. . , 6 2 r. S. 

variation 1 3 r. 

ship's head S.£.b.S..: .dev. (See table, p. 145.) 

1 3 r. 

true course 8 1 r. S* 

or 7 pts. 3 qrs. left of N., or W.^N. dist. 14'. 
Insert this course and distance in table below. 



• 






Diflllat. 


Departure. 


1 

71 


Cmxnm. 


Dirt. 


1 


1 






N. 


8. 


E. 


W. 


W.iN. 


14-0 


0-7 






140 


8 


w. 


8-2 








8-2 


6 


W.N.W. 


9-9 


3-8 







9-2 


Si 


N.W.b.N.JW. 


23-6 


19-0 






14-1 


i 


N.fW. 


14*3 


14-1 






2-1 


H 


W.N.W.*W. 


17-5 


6-1 






16-7 


n 


W.iS, 


20-8 




1-0 




20'S 


H 


S.E.b.E.}E. 


16-0 




6-8 


14-6 




42-7 


7'8 


14-6 


84-8 






T.D.la 


7-8 




De] 


14-6 


It. 34-9 1 


h 


L 70X W. 



Ist Course S-W.^W. 

Draw a line in fig. S.W.^W. as C2; then 

pts. qn. 
compass course ^4 2 Xr S. 

Tariation 1 3 r. 

deviation. ..... 2 L 

1 1 r. 

5 3 r. S. 

leeway (wind S.b Jl.) . . 2 1 r* 

true course, 8 r.&ord«eW.8*9^. 
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The distance 8*2' is found by adding up the hourly 
distances untit the course is altered, at 4 o'clock. In* 
sert this course and distance in the table. 

2d Course W.b.S.^S. 
Draw a line in fig. W.b.S.-J^S. as C3. 

pts. qis. 

compass course 6 2 r. S. 

variation * 1 3 r. 

deviation ^ . . . . 31. 

1 r. 

7 2 r. S. 
leeway 2 2 r. 

true course 10 r. S. 

or 6 1. N. 

= W.N.W. 9-9'. 
Insert this course and distance in the table. 

8d Course W.b.N.JN. 

Draw a line W.b.N.JN. as C4. 

pts. qrs* 

compass course 6 1 1. N« 

variation 1 3 r. 

deviation 31. 

1 r. 

5 1 1. N. 
leeway « 2 r. 

true course 3 1 1. N. 

pr.N.W.b.N.iW. 23-6'. 
Insert this course and distance in table. 

4th Course N.W.^W. 
Draw a line N.W.iW. a« C6, 
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pts. qn. 

compass course . * 4 2 L N. 

variation 1 3 r. 

deviation 2 L 

1 1 r. 



3 1 1. N. 
eeway 2 2 r. 

true course 3 IN. 

or N.fW. 14-3'. 
Insert this course and distance in the table. 

Proceed with the 5th and 6th courses in the same 
manner, thus : 



5th Course. 


6th Course. 


ptfl. qiB. 


pts. qn. 


W.b.S. 7 r. S. as C3. 


S.W. 4 r, S. 


1 3r. 


1 3r. 


31. 


21. 


1 r. 


1 1 r. 


8 r. S. 


5 1 r. S. 


1 2 r. 


2 2 r. 


9 2 r. S. 


7 3 r. S. 


or 6 2 1. N. 


or W.iS. 20-3'. 



=,W.N.W.iW. 17-5'. 

pts. qn. 

Current course E.^S. 7 2 1. S< 
variation 1 3 r. 



true course 5 3 1. S. 

or S.E.b»E.JE. 16-0'. 

Previously to opening the traverse table to take out 
the difference latitude and departure corresponding to 
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each course and distance in the above table> fill up th 
columns not wanted : thus in the first course W.j^N. 
the N. and W. columns wiU be wanted ; fill up the S. 
and £. columns by drawing a line under S. and £. In 
the second course W. the three columns N., S.« and £• 
will not be wanted ; fill them up with lines. In the 
same manner proceed with the other courses. 

To find difference latitude and departure for each 
course and distance, by traverse table. 

Enter traverse table, and take out the difference lati- 
tude and departiure corresponding to 7^ points, and dis- 
tance 14*0. (Look out rather 7f points and 140 distance, 
the diff. lat. and dep. for which are 6*9 and 139*8; 
move the decimal points one place to the left,) and put 
down the result to the nearest tenth, which are *7 and 
14*0. Insert them in the spaces left unmarked under 
N. and W. 

The second course being due W, 8*2', the departure 
will be 8*2 (the same as the distance). 

With third course 6 points and distance 9*9 (looking 
for 99, and making the proper change in decimal points) 
the diff. lat. is 3*8' and dep. 9*2'. 

In a similar manner find difference latitude and de- 
parture for the other courses. 

When the four columns are added up, it appears that 
the ship has sailed N. 42*7' and S. 7*8', therefore upon 
the whole the true difference latitude is 34*9' N* ; and 
her departure has been 14*5' E. and 84*6' W., hence 
the departure made good in the 24 hours is 70*1' W. 

To find the latitude in, apply the true difference lati- 
tude to the latitude from, in the usual manner, to obtain 
the latitude in, (Rule e,) 
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To find the longitade in.* With the latitude from 
and latitude in, find middle latitude. Then, 

since \,^ . — = cos. mid* lat. (p. 125) 
ain. long. 

. * . diff. long. = dep. . sec. mid. lat. 

(Or in words). To find difference longitude, add to- 
gether log. secant mid. lat. and log. departure ; the result 
(rejecting 10 in index) is the log. difference longitude, 
which, found in the tables, and applied to the longitude 
from, gives the longitude in. Thus : 

To find latitude in. To find longitude in. 

T. D. lat. 0^34' 54"N. log. sec. mid. lat. 0093148 
lat. from 36 30 S. log. departure . . 1-845718 

lat. in . . 35 55 6 S. log. diff. long. . . 1*938866 
2)72 25 6^ •"• diff'loiig- ^7' 



mid. lat. . 36 12 33 



or 1^ 27' W. 
long. from.. UO 20 W. 

long. in. 111 47 W. 



* Or thus : To find long, in (by inspection). 

o. dep. 

Since -rrr = an. course 
dist. 

and ..- , ' = COS. mid. lat. = mn. compl. mid, lat. 
diff. long. ^ 

If, therefore, the tmyerse table is entered with complement of 
mid. lat. as a course, and with the given departure, the dis- 
tance corresponding thereto will be the difference of longitude 
nearly. 
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To find course and distance on Mercator's chart 
between two known places. 

To find course. Apply the edge of a ruler to the 
two places, and then ascertain at what degree a straight 
line (as the edge of the same or another ruler) placed 
parallel thereto, and passing through the center of some 
adjacent compass, cuts the circumference. This will in- 
dicate the bearing or course required. 

To find distance. This may, in general^ be found 
by applying the distance on the chart to the side of 
chart, so that the chart distance may be so placed that 
the middle point may coincide with the middle parallel 
between the two places : then the degrees of lat. covered 
by the chart distance will be the distance nearly. 

More concise methods for solving many of the pre- 
ceding problems might have been given, by employing 
the traverse table, &c. But these more properly be- 
long to works written exclusively on the subject of 
navigation. 

The following examples formed part of the examina- 
tion papers recently given at the Royal Naval College, at 
the monthly examination of mates in navigation :— • 
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113. Required the course and distance from A to B. 

lat. A. . . 50° 25' N. long. A. . . 3° 40' E. 

lat. B. ..55 40 N. long. B. . . 2 25 W. 

114. Find the course (hy compass) and dist. from A to B. 

lat. A. . . 70° 10' N. long. A. . . 15° 5' E, 

lat. B. . . 70 10 N. long. B. , . 20 5 E, 

The deviation is given in table, p. 145. 

115. June 20, 1848, at noon, a point of land in lati- 
tude 47° 12' N. and longitude by account 3° 10' W. 
bore by compass E.N.E., the ship's head being South 
by compass, distant 17 miles (variation of the compass 
3j- W.) ; afterwards sailed as by the following log ac- 
count : required the lat. and long, in, on June 21, at noon. 



H. 


K. 


1 

5 
2 

6 
5 
1 
6 
7 
2 
1 
6 
2 


Course. 


Wind. 


Lee- 
way. 

2 

1} 
2J 


• 


1 
2 
8 
4 
5 
6 
7 
8 
9 

10 
11 
12 


3 
3 
4 
8 
3 
4 
8 
8 
4 
4 
8 
8 


E.h.N.|N. 

W.N.W. 

S.S.W. 


N.j^E. 

ditto 

West 


Variation of the 
compass S^W. 

For local devia- 
tion see table, 
p. 146. 














1 
2 
8 
4 
5 
6 
7 
8 
9 

10 
11 
12 


. 8 
3 

4 
4 
4 
8 
3 
4 
8 
4 
4 
5 


6 
2 

8 
2 
6 
6 
2 
5 
2 

2 


N.N.W. 

S.Kj^E. 

S.W.JW. 


ditto 

S.S.W. 

S.h.E. 


If 
H 


A current set the 
ship the last 4 
hourSfbyconip. 

S.S.^' ••yW.j 2 

miles an hour. 
The current need 
not be corrected 
fbr local devia- 
tion. 
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. 116. Required the course and distance from A to B. 

Ut. A, . . 47"? 50' N, long. A. .. 32° 20' W. 

lat. B. . . 45 10 N, long. B. . . 35 40 W. 
117* Required the course (by comp.) and dist from A to B< 

lat. A. . . 70° 10' S. long. A. . . 5° 0' W. 

lat. B. . . 70 10 S. long. B. . . 5 E. 

Variation of compass 2^ W. For local dev. see p. 145. 
118. March 5, 1848, at noon, a point of land in 
latitude 57"* 12' N. and longitude by account 75° 34' W. 
bore by compass E.N.E. (ship's head being N. by com-* 
pass), distant 18 miles (variation of the compass HW.) ; 
afterwards sailed as by the following log account ; re- 
quired the lat. and long, in, on March 6, 1848^ at noon. 



H. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


K. 

5 
4 
4 
3 
2 
2 
2 
3 
3 
2 
3 
2 


• 

1 


5 
2 
7 

3 
4 

2 
5 
2 
6 


Course. 


Wind. 


Lee- 
way. 




S.W.b,S. 
N.N.E.iE. 


W.b.N. 

ditto 
N.W.iN. 


2 


Variation of the 
compass l^W. 

For local devia- 
tion see table, 
p. 145. 










2 
2 
2 
2 
5 
6 
6 
7 
1 
1 
1 
1 



6 
1 
7 

2 
3 


2 
5 
6 


S.E.^E. 
S.iW. 


N.N.W. 
W.S.W. 


n 


3 


A current set the 
ship the last 6 
hour8,4 miles an 
hour, N.N.W. 
(by compass). 

The current need 
not be corrected 
for local devia- 
tion. 
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119. Required the course and distance from A to B. 

lat. A. . . 72^ 20' S. long. A. . . 13^ 25' W. 

lat. B. . . 65 42 S. long. B. . . 20 10 W. 
120. Find the course (by compass) and dist. from A to B. 

lat. A. . . 70° 10' N. long. A. . . 15° 5' E. 

lat. B. . . 70 10 N. lung. B. . . 20 5 E. 

Variation of compass 2 W. For local deviation see p. 145. 
121. June 1> 1848, in longitude 18° 28^ E., and 
latitude 34° 28^ S., a point of land bore N.W. (ship's 
head N. by compass), distant 10 miles (variation of the 
compass 2 j- W.) ; afterwards sailed as per log : required 
the latitude and longitude in, on June 2, 1848. 



H. 


K. 


• 

1 


Conne. 


Wind. 


Lee- 
way. 




1 


5 


4 


N.b.E.iE. 


N.W.JW. 


24 




2 


5 


2 










3 


5 


8 










4 


6 


1 








Variation of the 


5 


6 


5 


S.S.W. 


N.W. 


i 


compass 2^W. 


6 


7 


8 








For local devia- 


7 


7 











tion see table, 


8 


7 


2 








p. 145. 


9 


6 


8 


N.W.b.W. 


S.E. 







10 


6 


5 










11 


6 


1 










12 


5 


8 


S.b.W.|W. 


S.E.iE. 


2i 




1 


6 













2 


6 


5 








A current set the 


8 


6 


8 








ship the last 5 


4 


6 


4 


N.N.E. 


N.W, 


2 


hours, by com- 


5 


6 











pass N.W., 2 


6 


6 


5 








miles an hour. 


7 


6 


8 


N.W. 


East 





The current need 


8 


2 


4 








not be corrected 


9 


8 


6 








for local devia- 


10 


4 


7 








tion. 


11 


3 


5 










12 


2 


2 
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122. Required the course and distance from A to B. 
lat. A. . . 3° 30' N. long. A. . . 74° 40' E. 

lat. B. . . 2 20 S. long. B. . . 59 17 E. 

123. A ship sailed from A 380 miles E.S.E.iE. : 
required the latitude and longitude in. 

lat. A. . . 39° 12' N. long. A. . . 78° 50' W. 

124. May 2, 1849, at noon, a point of land, in lati- 
tude 55° 10' S. and longitude 67° 20' W., bore by com- 
pass N.E.JE., ship's head N., distant 12 miles (varia- 
tion of the compass 3f W.) ; afterwards sailed as by the 
following log accoimt : required the latitude and longi- 
tude in, on May 3, 1849. 



H. 


K. 


• 


Course. 


Wind, 


Lee- 
way. 




1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


3 
3 

4 
3 
3 

4 
4 
3 
2 
2 
2 
1 


8 

7 
1 
9 
8 

1 
7 
9 
8 
5 
7 


N. 
W.S.W.IW. 

N.W.iW. 

E. 


W.N.W. 
N.W.b.N. 

N.N.E. 

S.b.E.^E. 


3* 
2| 

n 

2i 


Variation of the 
compass 3|W. 

For local deyia- 
tion see table, 
p. 146. 














1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


1 
1 
2 
2 
2 
3 
3 
2 
3 
4 
4 
4 


7 
6 
4 
5 
7 
9 
8 
7 
4 
3 
3 
6 


S.S.W.IW. 
N.fE. 


S.E.}S. 
E.N.E. 

• 


3 

4 


A current set the 
ship the last 5 
hours, by com- 
pass, 4| miles 
an hour, E.|S. 

The current need 
not be corrected 
for local deviar 
tion. 



N 
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125. Required the couneand distance from A to B. 

lat. A. . . 21° 15' S. long. A. . . 0** 30' W. 

lat. B. . . 30 27 S. long. B. . . 2 10 E. 

1 26. Required the compass course and dist. from A to B. 
lat. A. . . 15° 30' N. long. A. . . 2° 10' B. 

lat. B. . . 15 30 N. long. R . . 3 40 E. 
Var. of compass 2^ points E. For local dev. see p. 145. 
127. March 6, 1849, at noon, a point of land, in 
latitude 47° 10' N. and longitude by account 10^46^ W., 
bore by compass E.b.N.^N. (ship's head being S.S.E. 
by compass), distant 20 miles (variation of the compass 
2i W.) ; afterwards sailed as by the following log ac- 
count : required the lat. and long, in, on March 7, at noon. 



H. 


K. 


• 

5 


Coune. 


Wind. 


tiCe- 




1 


3 


HP 

2 






way. 
2 




S.S. n' f-JW^, 


S.E. 




2 


3 


5 










3 


4 













4 


4 





S.W. 


S.E.b.S. 


IJ 


Variation of the 


5 


3 


6 








compasB 2^W. 


6 


3 


7 








For local devia- 


7 


3 


2 


B.N.E. 


aE. 


2i 


tion see table, 


8 


3 











p. 145. 


9 


4 













10 


4 


2 










11 


7 





N.E. 


S.E. 







12 


8 


2 











1 


7 


2 


N.E.iE. 


N.N.W. 


2 




2 


3 


4 








A current set the 


3 


4 


2 








ship the last 4 


4 


3 


7 








hours, hy com- 


5 


4 





l^.Etb.E. 


N.b.W. 


2i 


pass W.b.N.,2 


6 


3 


6 








miles an hour. 


7 


3 


7 








The current need 


8 


4 


2 








notbe corrected 


9 


4 











for local devia- 


10 


8 





N.W.. 


South. 





tion. 


11 


9 


— 










12 


10 


— 
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128. Required the eoiunse and distance from A to B. 
lat. A. . . 9° SC S. long. A. . , 2^ 4' W. 

lat. B. . . 7 10 S. long. B. . . 1 30 E. 

129. Two places in the same latitude N.> whose dif- 
ference of longitude is 700 miles, are distant from each 
other 400 miles ; required the latitude they are in. 

130. Jan. 10, 1848, at noon, a point of land, in lati- 
tude 46° 12' S. and longitude by account 2° 10' W., 
bore by compass E.b.S.|^S.> distant 20 miles, the ship's 
head being East by compass ; afterwards sailed as by the 
following log account : required the latitude and longi- 
tude in, on Jan. 11, 1848, at noon. 



H, 


K. 


i 

8 
2 
6 

7 

2 
6 

2 
5 

1 
6 


Course. 


Wind. 


Lee- 
way. 




1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


3 
3 
3 
3 
3 
3 
3 
4 
3 
2 
2 
I 


N.fE. 
S.b.£.-$E. 


S.b.E.iE. 

E.N.E. 

S.W.JW. 


2 

I 
21 


Variation of the 
compass 1^ E. 

For local devia- 
tion see table, 
p. 145. 
















1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


3 
3 
2 
3 
3 
3 
4 
3 
3 
2 
2 
2 


2 

6 
5 
2 
5 

6 
7 
2 
6 
7 


W.b.S. 

E.N.E. 
S.S.W.JW. 


S.b.W. 

S.E. 
S.E. 




A current set the 
ship the last 5 
hours, by com- 
pass S.W.|W., 
4^ miles an 
hour. 

The current need 
notbecorrected 
for local devia- 
tion. 
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In this examination paper the ship's compasses are 
not supposed to be affected by the iron on board. 

131. Required the course and distance from A to B. 
lat. A. . . 78° 1 2' N. long. A. . . 80"^ 15' W. 
lat. B. . . 73 50 N. long. B. . . 89 10 W. 

132. Sailed from A 555*6 miles due N. ; required 
the latitude and longitude in. 

lat. A. . . 3° 15' S. long. A. . . 100° W. 

133. On June 5, 1849, at noon, a point of land, in 
latitude 70° 15' N. and longitude T 13' E., bore by com- 
pass N.W.^^W., distant 18 miles (variation HW.) ; after- 
wards sailed as by the following log account : required 
the latitude and longitude on June 6 at noon. 



H. 


K. 


• 


Course. 


Wind. 


; 

Lee- 
way. 

^ 

14 




1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


3 
3 
2 
3 
4 
2 
3 
2 
3 
2 
3 
2 


5 
2 

7 

5 
j6 
5 


N.N,E. 
S.S.W.JW. 


W.b.N.£N, 
East 
S.E. 


P.M. 

Variation IJW. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


8 
8 
8 
8 
8 
8 
8 
7 
8 
7 
8 
9 










o 


S.iW. 


North 





A.M. 
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ANSWSBS TO QUESTIONS 113-133. 

113. Course N. 34**49' W., distance 384'5. 

114. Compass course E.fN., distance 101*8. 

115. True courses, &c,, S.S.W. ly-C/; E.N.B.iE. 14-3'; 

S.W.iW, 14-9'; S.E. 15-1'; N.W.^N. 15-1'; 
E.b.N. 15-6'; S.W.:^W. 16-9' ; S.JE. 8*0'. 
Lat. in 46° 37' N., long, in 3° 9' W. 

116. Course S. 40° 42' W., dist. 211-0. 

117. Compass course S.E.b.E.fE., dist 203*6. 

118. True courses, &c., S.W.JW. 18*0'; North 17*4'; 

S.b.E.iE. 6-7'; N.E.^N. 14*5'; S.W iS. 9-4'; 
E.S.E.iS. 24-5'; S.b.E-iE. 5*3'; N.W.^W. 
24-0'. Lat. in 57° 20' N., long, in 75° 31' W. 

119. Course N. 19° 52' W., distance 423*2. 

120. Compass coiirse E.S.E.^E., distance 101*8* 

121. True courses, &c., E.S.E. lO'O*; N.N.E. 225' 

S.b.E. 28*0'; W.JN. 19*4'; S.b.W.^W. 25*1' 
N.N.E.^E. 18*9'; W.N.W.fW. 23*2' 
W.N.W.^W. 10*0'. Lat. in 34° 36' S., long, 
in 17° 57' E. 

122. S. 69° 14' W., 987*1. 

123. Lat. in 37° 22' N., long, in 71° 8' W. 

124. True courses, &c., S.b.W.JW. 12*0'; North 11*6'; 

S.iE. 15-8'; S.W.JW. 11-9'; N.N.E.^E. 7*4'; 
S.b.W.iW. 15*6'; W.N.W.iW. 16*6'; N.E.JE. 
22*5'. Lat. in 55° 23' S., long, in 67° 37' W. 

125. S. 14° 36' E., 570*4. 

126. N.E.p. 86*7. 

127. True courses, &c., S.W.^W. 20*0'; S.b.W.fW. 

10*7'; S.S.W.iW. 11*3'; N.N.E.iE. 14*4'; 
N.N.E.iE. 15*2'; N.E.JE. 18*5'; E.N.E. 19*5'; 
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W.N.W.fW. 27-0'; W.S.W.fW. 80'. Lat- 
in 47° 26* N., long, in 11° 3' W. 

128. N. 56° 32' E.. 253-9. 

129. Lat. 55'' 9'N. (See similar Bx. p. 163.) 

130. True courses, &c., N.W.JW. 20-0'; W.b.&.^S. 

H'O'; N.N.E.JE. IS'S'; S.E.b.S.JS. 9*4'; 
W.N.W.iW. 12-3'; EJ^.E.JN. 10-7'; S.W.b.W. 
14-8'; S.W.b,W.iW. 22-5'. Lat. in 46° 6* S., 
long, in 3° 24' W. 

131. S. 26° 4' W., 291*7. 

132. Lat 6° 0' 36" N. ; long. 100° W. 

133. True courses, &c., S.E.b.E.fE. 18' dep. course; 

N.JE. 12-4^; N.N.W. 12-1'; S.S.W.^^W. 10-5'; 
S.b.E. 95-^5'. Lat, in 68°48'N,j long, in 
8°29'K 



SOLUTIONS OF PROBLEMS. 



SECTION IT. 
PROBLEMS IN ASTRONOMY, &c. 



Prob. 102 (Fig. 73.)f 

Let NWSE represent the horizon, NZS the celestial 
meridian, WZE the prime vertical (see definitions, p. 
23) : take NP :=r 50^ 48', the latitude of eqpectator ; then 
P is the polls of tho heavens, since the altitude of the 
pole=lat. of place: (p. 27), and PZ is the colatitude (p. 26) ; 
take PQ= 90°, thea Q is a point in. the celestial equator : 
through £ and W, the east and west points, and Q draw 
the circle WQE ; this will represent the celestial equa- 
tor (p. 26). Let X represent the place of the sun at the 
time of ohservation, and through X draw XZ p circle of 
altitude, and XP a circle of discKnation : then in the 
spherical triangle PXZ am given^ t^ pdLar. distance PX 
(3= 90"^ — ^deel.)> tha zwiih diatanse XZ (:^ 90"" -- alti;. 
tude), and the colatitudie of speotetor PZ ( = 90^-^lat)> 
to find the angle PZX, the azimuth of the sun (p. 28). 

Calculation by Rule VIIL 



YL . . 39° 12' 0" 
ZX,.,43 40 

4 28 0' 
PX..66 82 15 


0-199268 
0-16086Q 
4-763976 
4-712286 


71 15 
62 4. I5i 


9-836385 
.;. 111° 61' = PZX 
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Heoce the azimuth is N. 111° 51' W., the angle being 
measured from the north towards the west. 

Pbob. 103 (Fig. 73.) 

The same construction being made as in the preced- 
ing problem, there are given the three sides of the 
triangle PZX, to find the hour-angle of the sun ZPX, 
which is also the apparent time, since the heavenly body 
is west of meridian (p. 29). 

r 

Calculation by Rule VIIL 

PX . . 66° 32' 15" 0037479 

PZ . . 39 12 0*199263 

27 20 15 4-763976 

ZX..43 40 4052340 

71 15 9-153058 

16 19 45 •'• 2h. 57m. 16s.=:ZPX 

Pbob. 104 (Fig. 73.) 

In the fig. are given the polar dist PX, the zenith 
distance ZX, and the azimuth PZX, to find the hour- 
angle P ; this is easily done by Rule XII. Or thus : 

sin. P sin. zen. dist. _ cos. alt. 
sin. az. " sin. pol. dist. ~" cos. decl. 

•% sin. P=:sin. az. .cos. alt. . sec. ded. 

log. sin. 111° 51' 0" ... . 9-967623 

„ COS. 46 20 9*839140 

„ sec. 23 27 45 0*037479 

9-844242 
. .-. 2h. 67m. 168. = P 
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Prob. 105 <Fig. 73.) 

In the fig. are ^ven, the polar distance PX =74° 0', 
colatitude PZ = 39° 12', hour-angle P = 38° 0' ; to find 
the zenith distance ZX, and thence the altitude. 

Calculation by Rule X or XI. 

Prob. 106. 

Construct a similar figure to the one in the preceding 
problem, but place the heavenly body on the east side of 
the meridian, since the hour-angle is a.m. 

In the fig. are given, the polar dist. PX = 77° 31', 
colatitude PZ = 39° 12', hour-angle P = 2h. 53m. Is. ; 
to find the angle PZX, the azimuth* 

Calculation by Rule XIII, 



77°31' 
39 12 


0" 



0-401830 
0-280167 
9-975255 


0-401830 
0-069894 


116 43 






9-516112 


38 19 


10-657252 
77° 35' 
44 12 


9-987836 


58 21 
19 9 


30 
30 


44° 12* 



.-. 121 47 = PZX = azimuth. 

In the following twelve problems the heavenly body 
is supposed to be on the meridian at the time of 
observation : in this position the triangle PZX (fig. 73) 
vanishes, and the calculations are simplified. 
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Pbob. 107. 

^ Describe the ho- 

rizon NWSB> the 
meridian NZS, and 
the prime vertical 
WZ£: take Sm=: 
_ 70*^, to represent the 
sun's meridian alti- 
tude ; tiben m is the 
place of the son. 
(The altitude is mea- 
sured fom the south 
point of the horizon' 
S, and not from the nort^, since by the probleoL the> 
zenith Z of the spectator is north of the sun.) And 
since the declination of the son is, 20^ north, the equator 
must be drawn 20^, to the south of the heavenly body : 
take therefore mQ=: 20^ and draw the circle WQE, to 
represent the celestial equator. Then the latitude of 
spectator ZQ is found as follows : 

latitude = ZQ = Zm-hmQ = zen. £st.+decl. 
= 90°-70^-h20P=40° 

On the meridian take a point P^ 90® distant ftxun the 
equator, then P (the elevated pole) is the north pole of 
the heavens ; and since Z, the zenith of the spectator, 
is by the figure north of the equaftor^ Ijie place is in north 
latitttdCi .• . M. = 40^ N. 

Pbob. 108 (Figv 66.) 

Describe the horizon NWSE, the meridian NZS, 
and prime vertical WZB. Take a distance Sm on the 
meridian (= 70^) to represent the sun's meridian alti- 
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tvde: then m is the place of the sun. (The altitade is 
measared from S, the south point of the horizon^ since 
the zenith of spectator is north.) And since the declin- 
ation is 8<mth 5^, the equator must be drawn 5° north 
of the heavenly body : take, therefore, mQ = 5^, and 
through Q draw WQE, the celestial equator. 

Lat. = ZQ = Zm — f7iQ,= zen. dist. -^ decl. 
= 90^-alt.-decl.= 90°-70°-&°= 15^ 
The latitude is north, since the zenith is north of 
equator. 

NoTS. In the diagrami fig. 66, &o« the distances are taken 
roughly; it being sufficient to indicate the. fonct, of the figure, and 
not the correct yaluea of the. qtiantities» 

Prob. 109 (Fig. 67.) 

Describe asbefore the horizon, celestial mendliem, and 
prime vertical. Take a distance Nm on the meridian 
=70^, to represent the star's meridian altitude ; then m 
is the place of the star. (The altitude in this case is 
measured from N, the north point of the horizon, since 
the zenith of the spectator is by the problem south of the 
body.) And since the declination is 25° north, take mQ 
=s25°, measured from m southward, and draw WQB^ 
the celestial equator. 

Lat. = ZQ = mQ— mZ = star's decL— zen. dist. 

= as**— 20 = 5° 

The latitude is north, since by the fig. the zenith is 
north of the equator. 

Pkob. 110 (Fig. 6S.) 

Describe horizon, celestiel mericGan, and prime ver- 
tical. Take Nm ^ 30^ the. sun's meridian altitude 
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(measured from N» since the zenith is south) : take mQ 
= 10^, the sun's decl., then a circle through WQE will 
represent the celestial equator. 

Lat. = ZQ = Zm— mQ = zen. dist.— decl. 
= 60°- 10° = 50°. ; 

The latitude is south, since the zenith is, by the 
figure, south of the equator, and therefore the specta- 
tor is in the southern hemisphere. 

Prob. Ill (Fig. to Prob. 107.) 

Describe the horizon, celestial meridian, and prime 
Vertical. Since the latitude is 40° N. take ZQ = 40°, and 
draw WQE to represent the celestial equator : from Q 
measure Qm = 20°, then m is the place of the heavenly 
body, since its declination is 20° N., and 

mZ = zen. dist = ZQ— Qm = 40°— 20°=20° 
.-. altitude Sw = 70°. 

Pbob. ll2(Fig. 68.) 

Describe horizon, celestial meridian, and prime ver- 
tical. Take Nm = 30°, then m is the place of the sun 
(the altitude being measured from the north, since the 
zenith is south of the heavenly body) : take ZQ = 50° 
= the latitude of place, and through Q draw WQE to 
represent the celestial equator (ZQ is taken to the north 
of Z, since the place is in the southern hemisphere) : then 
mQ is the declination of body ; and 
»iQ= mZ — ZQ = zen. dist— lat. =60°— 50°= 10°. 

The declination is 10° north, since by the figure the 
heavenly body is ^orth of the equator* 

Pbob. 113. 
Describe the following parts of fig. 66, the hori« 
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zon NWSE, celestial meridian NZS> and prime vertical 
WZE : then since the place is on the equator, the celes- 
tial equator must pass through the zenith, and therefore 
WZE represents also the celestial equator : take a dis- 
tance Sm = 57^, to represent the star's meridian altitude 
(measured from S, since the zenith must be north of the 
star); then 

mZ = 33^ = zenith dist.= declination, 
since the equator passes through Z. 
The declination is south, m being south of Z. 

Pbob. 114 (Fig. 69). 

Let tn be the place of the heavenly body below the 
pole P, and m^ its place above pole. 

Then Nm = star's meridian altitude at inferior transit. 
Nmi= . . . . superior transit, 
and mP = mjP = star's polar distance. 

Now lat. = NP = Nm+mP 
lat. = NP = Nm,--m;P 
. \ 2 lat. = Nm + Nwii (since m P=miP) 
.:. lat. = i(Nm +Nmi) = 45° N. 

Prob. 115 (Fig. 70). 

Describe horizon and celestial meridian. Take Nm 
= 20°= star's meridian altitude at inferior transit ; and 
since it passes through the zenith at superior transit, 
bisect Zm in P ; then P is the pole, and (as in last proof) 

lat. PN = i(Nm+NZ) = ^(20^+90°) = 55°. 

PaoB. 116. 

Construct the horizon NWSE, and celestial meridian 
NZS. From N take a meridian altitude == x, and from 
Z a meridian zenith distance = a ; 
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meridian altitude at snperior transit =£ 9(f^9 

.'. lat. = ^(alt. below pole -halt, above pole) 
= i(ar-h90°-a?) = 45°. 



PROB. 117. 

Describe the horizon NWSE, and celestial meridian 
NZS ; on the meridian, take NP=60^, the latitude ; then 
P is the pole ; and since the declination is 40°, the polar 
distance =: 50^; take therefore from P towards N a dis- 
tance Pm = 50°, and from P towards the zenith a dis- 
tance Pmi = 50°; then m is the place of the body below 
the pole, and mi is the place of body above the pole. 

Alt. below pole = Ni» = NP-Pm = 60°-50° = 10° 
alt. above pole = Smj = 90°— Zwij = 90°— (Pmi— PZ) 

= 90°-(50°-30°) = 70°. 

Pbob. 118. 

In fig. 70^ let mZ represent the parallel of declination 
described by the star. 

Thenlat. = PN = 50°48' 

.•. PZ = 39° 12' = star's polar distance 
.-. decl. = 50° 48' N. 

and alt. below pole = Nm = NP— Pm 

= 50°48'-39° 12' = 11° 36'. 

Prob. 119. 

Since the sun, in this problem, touches the horizon 
at the inferior transit, its polar distance must be equal 
to the latitude of the place (p. 27), 

hence lat. = 90°- 23° 28' = 66° 32' N. 
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Proof of Formula in p. 33. 

(1). The heavenly body on the prime vertical, as at 
Y in fig. p. 25. 

Draw the horizon, celestial meridian, and prime ver- 
tical ; take a point Y on the prime vertical, and draw 
FY, the polar distance ; then 

COS. hour-angle = cot. lat. . tan. decl. (a) 

Proof. In triangle PZY, right-angled at Z, mark 
the hour-angle P, polar distance FY (the co-decl.), and 
co-lat. PZ ; then 

COS. P = tan. PZ . cot. FY (Rule XV.) 
or COS. hour-angle = cot. lat. . tan. decl. 

Again, sin. decl. = sin. lat... sin. alt. (fi) 

Proof. In a similar triangle, mark pol. dist. FY, 
co-lat. PZ, and zen. dist. YZ ; then 

COS. FY = cos. PZ . COS. YZ 
or sin. decL =s sin. lat. . sin. alt. 

Again, cos. alt. = sin. hour-angle . cos. decl. (y) 

Proof In a similar triangle, mark zen. dist. YZ, 
hour-angle F, and co-decl. FY ; then 

sin. YZ = sin. P . sin. FY 
or COS. alt. = sin. hour-angle . cos. ded. 

Again, cos. lat. = cot. hour-angle . cot. alt. (S) 

Proof. In a similar triangle^ mark zen. dist. YZ, 
hour-angle F, and co-lat. PZ ; then 

sin. PZ = cot. F . tan. YZ 
or cos. lat. = cot. hour-angle . cot. alt. 

(2.) The heavenly body six hours, or 90° from the 
meridian, as at V in fig. p. 25. 
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Draw the horizon, celestial meridian, and prime ver- 
tical, and take a point V six hours from the meridian, 
and draw PV the pol. dist., and ZV the zen. dist. ; then 
sin. alt. = sin. decl, . sin. lat. (e) 

Proof, In triangle PVZ, right-angled at P, mark 
zen. dist. VZ, pol. dist. PV, and co-lat. PZ ; then 
COS. VZ = COS. PV . COS. PZ 
or sin. alt. = sin. decl. . sin. lat. 

Again, cos. azimuth = cot. lat. . tan. alt. (X) 

Proof. In a similar triangle, mark PZV the azimuth, 
co-lat. PZ, and zen. dist. VZ ; then 

cos. Z = tan. PZ . cot. VZ 
or COS. azimuth = cot. lat. . tan. alt. 

Again, cos. lat. = cot. decl. . cot. azimuth. (17) 

Proof In a similar triangle, mark co-lat., pol. dist., 
and azimuth ; then 

sin. PZ = tan. PV . cot. Z 
or cos. lat. = cot. decL • cot. azimuth. 

Again, cos. decl. = sin. azimuth . cos. alt. (&) 

Proof In a similar triangle, mark pol. dist., azimuth, 
and zen. dist. ; then 

sin. PV = sin. Z . sin. VZ 
or COS. decl. = sin. azimuth . cos. alt. 

(3.) The heavenly body in the horizon, as at D, fig. 
p, 25. 

Draw the horizon and celestial meridian as before, 
and take D a point on the horizon, and draw PD the 
polar distance, and ZD the zen. dist. ; then 

cos. hour-angle = —tan. lat. . tan. decl. (i) 

Proof In quadrantal triangle PZD, mark hour-angle 
P, co-lat. PZ, and pol. dist. PZ ; then (ZD being 90°) 
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COS. P = —cot. PZ . cot. PD 
or cos. hour-angle = —tan. lat. . tan. decl. 

Again, sin. decL = cos. lat. . sin. amplitude. {k) 

Proof. In a similar triangle, mark PD, PZ, and Z 
the co-amplitude ; then 

cos. PD = sin. PZ • cos. Z 
or sin. decl. = cos. lat. . sin. amplitude. 

Again, sin. lat. = — cot. amplitude . cot. hour-angle. (X) 

Proof, In a similar triangle, mark PZ, Z, and P ; 
then 

cos. PZ = —tan. Z . cot. P 
or sin. lat. = —cot. amplitude . cot. hour-angle. 

Lastly, cos. amplitudes: cos. decl. . sin. hour-angle, (/x) 

Proof. In a similar triangle, mark Z, PD, and P; 
then 

sin. Z = sin. PD ^sin. P 
or COS. amplitude = cos. ded. . sin. hour-angle. 

In the above formulae the lat. and decl. are supposed 
to be of the same name. When they are of different 
names, the last four formulae (i), (k), (X), (/i), may 
require some modification : this may be easily done by 
remembering that PD=90°+decl. instead of 90°— decl., 
and angle Z = 90°+ amplitude instead of 90°— ampl., 
as in former case. The other formulae require no alter- 
ation, since they are applied to problems in which the 
latitude and declination are always of the same name. 

PaoB. 120. 

Describe the following parts of fig. p. 25, the hori- 
zon, celestial meridian, and prime vertical. Let Y.be 
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the place of the hody on the prime vertical, Z the zenith 
of spectator, and F the pole $ then in the spherical tri- 
angle PYZ, right-angled at Z, are given, PY (the com- 
plement of the decl.)= 70°, and YZ (the complement of 
alt.) = 6(f, to find PZ the complement of latitude, and 
thence the latitude. 

By Rule XV. (Trig. Part I.) 

COS. PY = COS. PZ . COS. YZ 

log. cos, PY+IO".. 19-634052 
log. COS. YZ . ..- . . 9-698970 
log. COS. PZ ...... 9-835082 

.-. PZ = 46° 50' 30", and lat = 43° 9' 30"N. 

Pbob. 121. 

Descrihe ^g, to proh. 120. In this there are given, 
colat. PZ = 90°— 50«48", or 39° 12', pol. dist. PY=: 
90°-23° 27' 45", or 66° 32^ 15", to find zen. dist. YZ 
(and thence the alt.), and hour-an^e P. 

(!)• (2). 

Mark PY and PZ as known Mark PY and PZ as known 

quantities, and YZ as quantities, and P as un- 

unknown; then,RuleXy, known; then 

COS. PY = COS. PZ . cos.YZ cos.P = cot. PY . tan. PZ 

log.cos. PY-I- 10, 19-600045 log, cot PY . . 9*637624 

log. COS. PZ . . . . 9-889271 log. tan. PZ . . 9-91 1467 

log.cos. YZ 9-710774 log. cos. P 9-548991 

• • . YZ = 59° 6', and . ' . hour*angle=4h. 37m. 48. 
alt. = 30° 55' 

If the student is acquainted with analytical trigono- 
metry he will simplify the above and similar formulae 
that will frequently occur in the following pages, before 
he i>pen8 the table of logarithms. Thus : 
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since cos. FY = cos. PZ . cos. YZ 
sin. decl. = sin. lat. • sin. alt. 
hence sin. alt. = sin. decl. . cosec. lat. 
COS. P = cot . FY . tan . PZ 
' or COS. hour-angle = tan. decL . cot. lat. 

From these two expressions the altitude and hour-angle 
are found directly from the quantities given in the ques- 
tion. 

PaoB. 122. 

Make a right-angled triangle similar to PYZ in fig. 
p. 25, but so that Y may be to the east of meridian, 
somewhere on the line Z£ ; let Y be the place of the 
«tar whose altitude YE is 20^; take another point Y' 
between Z and Y to represent the place of the other 
star, whose altitude is 40°, and join PY'; then in tri- 
angles PYZ, PY'Z, are given, colat. PZ = 39° 12', and 
zenith distances ZY (= 70"*) and ZY' (= 60°), to find 
the hour-angles at P, and thence YPY' their difference. 

In triangle ZPY In triangle ZPY' 

ain. PZ = tan. Z Y . cot. ZPY an. PZ = tan. Z Y' ._cotZPY' 

whence ZP Y » 5h. 8m. 1 Is. and ZPY' » 4h. 8m. 15s. 

• *, difference of hour-angles = Oh. 59m. 56s. 

The above formulae simplified : 
cot.ZPY = cos.lat. . tan.alt. cot.ZPy = cos.lat. . tan.alt. 

Pbob. 123. 

Describe horizon, celestial meridian, and prime ver- 
tical; take P the pole, as in fig. p. 25, and make the 
angle VPZ = 6 hours, or 90° ; let V be the heavenly 
body, and join ZY; then in triangle ZPV are given, 
ZV = 90°-alt., PV= 90°-decl., and P = 90°, to find 
PZ = 90°-lat. 
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By Rule XV. cos. ZV = cos. PZ . cos. PV, 

whence colat. PZ may be found, and thence the lati- 
tude. 

Simplified .... sin. alt. = sin. lat. . sin. decl. 

.'. sin. lat. := sin. alt. . cosec. decl. 

Pros. 124. 

Construct a similar figure to the one in the preceding 
problem; then in the right-angled triangle ZPV are 
given, colat. PZ = 39*' 12', polar dist. PV = 66° 32' 15", 
and P = 90°, to find azimuth Z, and zen. dist. ZV, and 
thence the altitude. 

By Rule XV. co8.ZV = cos. PV . cos. PZ 

sin. PZ = tan. PV . cot. Z 

Simplified sin. alt. = sin. decl. . sin. lat. 

cot, az. = COS. lat. . tan. decl. 

Pros. 125. 

Describe the following parts of fig. 97, horizon, ce- 
lestial meridian, and prime vertical. Let M be the 
place of the sun at rising, and P the pole ; join ZM and 
PM ; then in quadrantal triangle ZPM are given, colat. 
PZ=39° 12', azimuth PZM= 100°, and ZM = 90°, to 
find hour-angle P, and thence apparent time (def. p. 29). 

By Rule XVI. cos. PZ = —tan. PZM . cotP 
(placing the proper signs over known quantities, by 
Rule 14, p. 32, Part I., we find P is less than 90°, or 
6 hours), 

whence P is found = 5h. 28m. 538. 
.:. app. time= 18h. 31m. 7s., or 6h. 31m. 7s. a.m. 

. Simplifying formula . . cot. P = sin. lat. . cot. PZM 

= sin. 50°48' . cot. S0\ 



in a8tb0n0mt. 197 

Pbob. 126. 

In fig. p. 25, suppose D the place of the sun on the 
horizon ; then amplitude = WD = 37° 30'. Complete 
quadrantal triangle PDZ ; then in triangle PDZ are 
given, angle PZD = 52° 3(/ (complement of amplitude), 
pol. dist. PD = 74° 48', and ZD = 90°, to find colat PZ, 
and thence the latitude. 
By Rule XVL cos. PD = sin. PZ . cos. PZD 

whence PZ may be found. 
Or simplifying formula. . sin. decl.=cos. lat. • sin. ampl. 

.*. cos.lat.=sin.decL.cosec«ampL 

Pbob. 127. 
Construct the following parts of fig. p. 25, horizon, 
celestial meridian, prime vertical ; suppose Dj to be the 
place where the sun rose, and D the place of setting; join 
PD and ZD ; then in quadrantal triangle PZD there are 
given, colat. PZ, pol. dist. PD, and ZD = 90°, to find 
angle PZD (the complement of amplitude), and hour- 
angle ZPD (the half the length of day), and thence the 
lengths of the day and night. 

By Rule XVI. cos. PD = sm. PZ . cos. PZD 

COS. P = —cot. PZ . cot. PD 

(placing the proper signs over the terms (Trig. Part I. 

p. 32), we shall find cos. PZD is positive, and cos. P 

negative), 

whence PZD = 59^ 55' 30", and ampl. = W. 30° 4' 30" N. 

P = 7h. 36m. 41s. = angle PZD2 
therefore the sun rises at 4h. 23m. 199. a.m., sets at 
7h. 36m. 41s. p.m., length of day 15h* 13m. 22s., length 
of night 8h. 46m. d8s., and amplitude at rising and set- 
ting 30° 4' 30" N. 
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Formulae simplified . . sin. ampl. = sin. decl. . sec. lat. 

COS. hour-angle = — tan.lat. . tan« decL 

Pbo|i. 128. 

Since the day is more than 12 houts lotigf the sun 
must rise (in north lat.) to the north Of equator, as at 
S in fig. 97. Construct fig. ; then in quadrantal triangle 
ZPS are given, colat. PZ=:39° 12^. hour-angle ?= 7h., 
and ZS=:90^, tofindPZS, the complement of amplitude. 

Rule XVI. cos. PZ =— cot. ZPS . tan. PZS 
vfhenct PZS * V. 70° 55' 30" E. 
and ampl. = E. 19'* 4' 30" N. 

Simplified . . cot. ampl. = —sin. lat., , tan. hour-angle. 

Peob. 129. 

Describe horizon, celestial meridian, prime- vertical, 
and WQE, the celestial equator, fig. 71. Take some 
point X on the equator to represent the sun's place^ and 
draw circle of altitude ZO, and circle of decl. PX ; then 
in quadrangle triagle PXZ are given, zenith distance 
ZX = 67° 4\ hour-angle P=3h., and PX=90°, to find 
colat. PZ, and (hence the latitude. 

Rule XVI. cos. ZX = sin. PZ . cps* P 

whence PZ = 33° 26' 30'.', and lat. =56° 33' 30" 

Simplified . . cos. lat. = sin. alt. • sec. hour-angle. 

Pbob. ISO. 

Let X, fig. 74, b6 the place of the heavenly body ; 
then in triangle PXZ are given, zen. dist. ZX, pol. dist. 
PX, and azimuth PZX, to find colat. PZ, and thence the 
latitude. The quantities given are not sufficient to 
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enable us to find PZ by the .common rules of spherical 
trigonometry. In cases of this kind it is usual to drop 
a perpendicular upon one of the sides, or side produced, 
thus forming two right-angled triangles, and then to 
apply, if possible. Rule XV. Problems may often be 
solved by means of analytical trigonometry, when the 
common rules are insufficient, or tiresome if applied. 
We will give a few solutions of this problem, as they 
will be useful exercises in analytical trigonometry. 

(1st solution.) By dropping a perpendicular, as 
XM, on the meridian. 

(1.) In right-angled triangle XZM are given XZ and 
XZM, to find XM and ZM. 

sin.XM = sin. ZX . sin. XZM .". XM = 38° 34' 30" 
cos. XZM = cot. XZ . tan. ZM .-. ZM = 30 12 45 

(2.) In right-angled triangle XPM are given XP and 
XM, to find PM. 

COS. PX = COS. PM . COS. XM .-. PM = 61°8'45'' 
whence PZ = PM-ZM = 30^ 56', and lat. = 59** 4' N. 

(2d solution.) By means of formula (U), Trig. Part 
II. p. 65. 

(1.) find angle P, by Rule XII., thus : 

sin.P : sin.PZX : : sin.XZ : sin.PX 
.:. P = 42*^19' 30" 

(2.) By (U). 

. ,^ _ tan.i(PX-ZX).sin.i(PZX+P) 
^•*^^ " sin.i(PZX-.P) 

.• . iPZ = 15° 2r 45", and lat. = 59° 4' 30" N. 
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(3d solution.) By means of a subsidiary angle. 
Trig. Part 11. p. 64. 

-5^-- COS. PX— COS. PZ . cos. ZX 

COS. PlX = ; — == — -, — == 

sin. PZ . sin. ZX 

If a =alt. ^ sin. rf— sin. /.sin. g 

/ = lat. " COS. / . COS. a 

d = decl. 

• * • sin. d =z sin. a . sin. /+ cos. / . cos. a . cos. PZX 
= sin. a (sin. /+ cos. / . cot. a • cos. PZX) 

Assume cot. a . cos. PZX = cot. ^ . . (1) 
• '• sin. c/= 8in.a(sin./+cos*/*cot. ^) 

_ sin, a (sin. / . sin. ^+ cos. / . cos. 6) 
"" sin. 6 

sin, a . cos. (/ ^ 6) 

"" sin. ^ 

whence cos. (lr^ff)=z sin. d . sin. § . cosec. a (2) 

6 is found by (1) = 120° 12' 45", and thence, by (2), 
Z^ ^ = 61° 8' 30", and therefore / = 59° 4' 30". 

Computation, 

(1). To find ^. (2). To find /-- 6. 

_ ^ ^ cosec. fl ..0*170317 

cot. ^ = cot. a • COS. PZX sin. (^ ... . 9*576689 

cot a 0-037948 sin. 6 9*936597 . 

cot. PZX 9-727228 ^^^^ (; ^ ^ 9*683603 

cot. ^....9-765176 .-. /-^= 61° 8' 30" 

.-. ^ = 180°-59°47' 15" .:. / = 59 4 30" 

(4th solution.) By elimination. 

LetPX = p, ZX = ai, XZM = Z, 
PM = ^, ZM = y, XM = « ; 
then colat. = «•— y. 



ly ABTROyOMT. 201 

(1.) To find y. 

In triangle XZM . . cos. Z = tan. y . cot. Oi 

.*. tan. y = COS. Z • tan. fli = COS. az. • cot. alt (1) 

(2.) To find Of. 

In triangle PXM . . cos. j? = cos. x . cos. z 
In triangle XZM . . cos. a|= cos. z . cos. y 
eliminate cos. z by division, 

COS. p COS. X 

COS. fli "" COS. y 
or COS. X = COS. j9 . COS. y . sec. Oi 

= sin. decl. . cosec. alt. . cos. y (2) 

hence by (1) y = 3(f 12* 45"; by (2) * = 61° 8' 30" 

. • . J?-y the colat. = 30° 55' 45", and lat. = 59° 4' 15". 

Pkob. 131 (Fig. 74). 

In this important problem are given the polar dist. 
PX=90°-22°30', the zen. distZX=90°-37° 20', and 
hour-angle P=2h. 15m., to find the latitude=90°— PZ. 

As in the last problem, the rules in trigonometry 
will not enable us to find the side PZ from the three 
known parts of the triangle. 

(1st solution.) By dropping a perpendicular XM. 

(1.) In right-angled triangle PXM are given PX and 

P, to find PM. 

COS. P = tan.PM . cot. PX 

.-. PM = 63° 31' 15". 
Let h = hour-angle, d = declination, a = alt. 
simplified tan.PM = cos. h • cot. d 

(2.) In right-angled triangle PXM are given PX and 
P, to find MX. 
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sin. MX = sin. P . sin. PX 
(or sin. MX = sm. A,co8.<0 .'• MX = 30° 53'. 

(3.) In right-angled triangle ZXM are given ZX and 
XM, to find ZM. 

COS. ZX = COS. ZM • COS. MX 

(or COS. ZM = sin. a . sec. MX) .*. ZM = 45^ 2' 15" 

.:. PZ = PM-ZM = 18° 29', and lat. ^ 71° 31' N. 

(2d solution.) By means of (U), Trig., Part II. p. 
65. 

> 

(1.) Find angle PZX by Rule XII. 

sin. PZX : sin. P : t sin. PX : sin. ZX 
(or sin. PZX£=cos. d , sin. h . sec. a) 
.\ PZX=40° 12* 30", or its supplement 139° 47' 30", 
an ambiguous result ; but it is evident by a rough con- 
struction of figure that the latter value must be taken. 
See fig. 74. 

(2.) By formula (U), find ^PZ (as in last problem) 
= 9° 14' 20", whence lat. = 90°-PZ = 71° 31' 20". 

(3d solution.) By means of a subsidiary angle. 
Since (Part II., p. 64) 

cos. ZX— C08» PX . COS. PZ 



C08.P = 



sin. PX . sin. PZ 
Bitl. a— Bin. if. sin. I 



COS. C/. COS. / 

•* • sin. d • sin. /+co8. d . cob. / . cos. P is sin. a 
or sin. d (sin. /+co8. / . cot. d • cd8« P) = sin. a 

Assume cot. ss cot.<2.oos. P. . .».....«.•.• (1) 
•\ sin. d (sin. /+cos. / . cot. ^) = sin. a 
or sin. d . cosec. $ . cos. (/ ^^ ^) s=3 sin. a 
.!. COS. (l^^ff) sssin.a.oosec. cf .sin.^, ., (2) 
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Formula (I) determines 6, and thence, by (2), lr**B 
may be found, and consequently the latitude /, as in the 
last problem. 

(4th solution.) By elimination. 

Let PX =j», ZX = fli, P=A. 
PM = *,ZM=:y,XM = «; 

then colat. =«+y 

(1.) To find X, or PM. 
In triangle XPM . . cos. h = cot. p • tan. x 

.*, tan. «= COS. A. tan. j7 

= COS. h , cot. decl. • . (1) 
(2.) To find y, or ZM. 

In triangle XPM . . cos. p = cos. z . cos. x 
In triangle ZXM . . cos. ai = cos. y . cos. z 

,. . . * J- . • COS.© COS. or 

elimmate cos. z by division . . ^ = 

cos.ai COS. y 

.'. COS. y = COS. 01 . COS. x . sec. j9 

= sin. alt. . COS. decl. . cos. or . • • (2) 

Formulae (1) and (2) determine x and y, and thence 
the latitude^ since colat. = x+y. 

Prob. 132 (Fig. 76). 

Ex. 1. Let X be the place of the sun in the ecliptic 
AXM, A the first point of Aries, and ARQ the celestial 
equator. Through X draw the circle of declination 
PXR ; then in the spherical triangle AXR, right-angled 
at R, are given angle A the obliquity of the ecliptic, 
and AR the sun's right ascension, to find AX the lon- 
gitude, and XR the declination. 

To find longitude AX. Rule XV. 



COS. A. = tan. AR . cot. AX . • • AX = 64'' 33' 15 
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To find declination XR. 

sin. AR = tan.XR . cot. A .! . XR = 21M' 15" N. 

Ex. 2 (fig. 77). In this example the sun's right 
ascension exceeds 1 2 hours, it must therefore have passed 
the autumnal equinox, or first point of Libra, to the 
south side of the equator. 

To find the place of the sun, let ALAi represent the 
whole of the celestial equator, A and Ai the same point, 
namely, the first point of Aries, ACLCiAi the ecliptic, 
cutting the equator in the two points A (or Ai) and L. 
Take AR equal to the sun's right ascension, and through 
R draw the circle of decL RX ; then X is the place of 
the sun, and its longitude is ACLX, and decl. RX. 

To find longitude ACX, and decl. RX. 

Subtract 12 hours from the right ascension ALR, 
the remainder is LR ; and the angle RLX is also known, 
being the obliquity ; then in triangle RLX, 

sin. RL = cot. obliq. . tan, decl . . ' • ded. = 22° 5 8' S. 
COS. obliq. = tan. LR . cot. LX . • . LX = 78^30' 15" 

.-. long. ACLX = 180°+78° 30' 15" = 258° 30' 15". 

PaoB. 133. 

Ex. 1 (fig. 78). Let X be the place of the heavenly 
body, AR the celestial equator, and AM the ecliptic. 
Through X draw PXR, a circle of decl., and FXM, a 
circle of latitude, and join A and X by an arc of a great 
circle. 

In the figure are given, AR the right ascension, XR 
the ded., and MAR the obliquity, to find AM the lon- 
gitude, and XM the latitude. 
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(1.) In triangle AXR, 
COS. AX = COS. RA . COS. XR .: . AX = 48° 45' 45" 

In same triangle, 
sin. AR = tan. XR . cot. XAR .'. XAR = 29° 7' 0" 
.-. angle XAM = 29° 7' 0"-23° 27' 45" = 5° 39' 6" 

(2.) In triangle XAM, 

COS. XAM=cot. AX . tan. AM •: . long. AM=48° 37' 30" 

In same triangle, 
sin. XM = sin. AX . sin. XAM . ; . lat. XM = 4<> 15' N. 

Ex. 2. Since the right ascension exceeds 12 hours, 
the star must be to the east of the first point of libra, 
as at Xf in fig. 77. Draw XM a circle of lat., and XR' 
a circle of decl., and join LX. 

(1.) In right-angled triangle LXR' are given, LR'= 
.^R.A.-12h., decl.XR'=25° 51' (N. ded.), to find LX 
and angle XLR'. 

COS. LX = COS. LR' . COS. XR' . • . LX = 66° 1 9' 30" 

sin. LR' = cot. XLR ' . tan. R' .• . XLR' = 28° 25' 45" 

(2.) In right-angled triangle XLM, given LX, and 
angle XLM (=XLR'+obliquity)=:51° 53' 30", to find 
LM (=longitude— 180°), and XM the latitude. 

sin. XM = sin. LX . sin. XLM .' . XM = 46° 6' 15" N. 

co8.XLM = cot. LX . tan. LM ,-. LM = 54° 36' 30" 

whence long. ACLM = 180°+54° 36' 30"=234°36' 30". 

Pbob. 134 (Pig. 79). 

Let A and B represent the two places in the same 
latitude, and PU, PV, meridians passing through them, 

t In Bome of the diagrams the star is marked X instead of X^. 
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and UV the arc of the equator intercepted between the 
meridians ; then UV = difference of longitude between 
A andB = angle at ?= lO"" 36^, and AP =PB = colati- 
tude = 45''. 

In the spherical triangle APB are given two sides 
and included angle, to find (Rule X.) the third side 
AB = T" 29' 16"=449'25^ the distance between the two 
places in nautical miles. 

Or thus : since AP = PB, a perpendicular drawn 
from P upon AB will bisect the angle P and arc AB. 
Suppose in the figure an arc AD to be drawn perpendi- 
cular to AB, then in the right-angled triangle PDA are 
given AP=45° and angle APD=5° 18', to find AD = 
half the distance AB. 

Rule XV sin. AD = sin. AP . sin. APD. 

PaoB. 135 (Fig. 80). 

Let UV be the arc of the equator intercepted be- 
tween the meridians PB and PV passing through B and 
A, the two places ; join AB. Then in the triangle BPA 
aregivenPB=90^+34«37'=124°3r.PA=90°-50°48' 
=39° 12', and the included angle P=57® 18', difference 
of longitude between the places. 

Whence (by Rule X. or XI.) the third side AB may 
be found=99'' 9' 48", or 5949*8 nautical miles. 
60 nautical miles = 69*05 geographical miles : 

hence to express the above distance in geographical 
miles we have 60 : 69*05 : : 5949*8 : x = 6847*2 geo- 
graphical or English miles. 

Great Circle Sailing, 

(1.) Fmd the shortest distance between Liverpool 
and New York. 
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lat. Liverpool .. 53^ 25' N. long. Liverpool . . 2°59'W. 
„ New York . 40 42 N. „ New York . 75 59 W. 
Let PL. PY be the ^ 

meridians of Liver- 
pool and New Yoik, 
and LY an arc of a 
great drcle passing 
through the two 

places; then in the ta^ l 

spherical triangle PYL ai« given PL = 90°— 63° 25', 
PY = 90°-40° 42^, and the included angle P = 71°, 
the difference of longitude between the two places, to 
find (by Rule X, or XL) the arc YL := 47° 52' = 2872 
nautical miles. 

(2.) Take 
a point A on 
the arc YL, 
distant from 
LiverpoolfL* 
872 miles; 
take ano- 
ther pointB, 

distant from A 1000 miles ; then from B to New York, 
the cdstance BY == 1000 miles. To find the ktitude 
and longitude of each of the points A and B. 

(1.) In die triangle PYL are given the three sides, to 
find (by Rule VIIL or IX.) the angle L = 75° 8' 15". 

(2.) To find PA, and thence the latitude of A. 

In the triangle PLA are given, the sides AL (=872' 
or 14^ 32'), PL, and the angle L, just found, to find PA 
(the eolatitude of A) = 35° 21', and thence the lat. of 
A s=r 54° 39' N. 

(3.) To find fljiglt APL, and ihenoe the longitude of A. 
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In the same triangle APL are given the three sides, 
to find the angle APL=24° 47' 15". 

angle APL = 24 47' 15"W. 
long, of Liverpool = 2 59 W. 

• •.long, of point A = 27 46 15 W. 

(4.) To find PB, and thence the latitude of B. 

In the triangle PBL are given the sides BL (=1872' 
or 31° 12'), PL, and the angle L, to find PB (the colat. 
of B) =.40°, and thence the lat. of B = 50° N. 

(5.) To find the angle BPL, and thence the longi- 
tude of B. 

In the same triangle BPL are given the three sides, 
to find the angle BPL = 51° lO'. 

angle BPL = 51° 10' W. 
long, of Liverpool = 2 59 W. 

.• . long, of point B = 54 9 W. 

The points A and B heing thus found on the hne of 
shortest distance, the course and distance from Liverpool 
to A, thence from A to B, and thence from B to New 
York, may be found by the common rule of Mercator's 
sailing. See Rule, p. 151. 

The course and distance from Liverpool to New York 
by Mercator's saiHng are S. 75° 10' 30" W., 2982 nules, 
and the sum of the distances described by the ship sail- 
ing on the three loops, as above, is 2884, so that the 
distance saved by altering the course twice is about 98 
miles. 

The above method of finding the length of the arc of 
a great circle passing through two places on the surface 
of the earth, and of determining a certain number of 
convenient points thereon, to which the ship may be 
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directed, so as to keep her as near to a great circle as 
possible, is direct and general. By dropping a perpen- 
dicular from F, or by means of special tables, the com- 
putation may be shortened, but only with the disadvan- 
tage of introducing a distinction of cases, and render- 
ing the problem complicated. As the attempt at great 
circle sailing can only be of rare occurrence, it does not 
»eem advisable to give formal rules for the purpose, nor 
to burden our books with more tables than are already 
in use. 

By taking a greater number of points than A and 
B on the arc YL, so as to bring the ship oftener to the 
line of shortest distance, the sum of the distances sailed 
will approximate nearer to the shortest distance. It 
will be seen, however, that even on the above assump- 
tion of only altering the course once in about 1000 miles, 
the sum of the distances run exceeds by a very few miles 
the shortest distance^ and that the absolute saving in 
distance between the two points Liverpool and New 
York is on this supposition nearly 100 miles. 

Pbob. 136 (Fig. 81). 

Let AQ represent the celestial equator, A the first 
point of Aries, M the place of the moon, R the place of 
star ; PM, PR circles of declination passing through M 
^d R, and MR the arc of a great circle joining M and 
R ; then MR i& the distance required. 

In the triangle MPR are given, 
PM = 90°+decl. ofmoon = 95^19' 0" 
PR = 90°-decl. of star = 76 49 45 
and P = diff. of right ascension = 147 46 
to find MR, the third side. (Rule X. or XI.) 

p 
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Pbob. 137 (Fig. resembling 69). 
Construct the figure as follows : describe the horizon 
NWSE« celestial meridian NS, and prime vertical EW, 
as in preceding problems. On the meridian take NX 
as 6° 1(/, the altitude of the body; then X is the place 
of the body, and since its ded. =s 13^ 10', its polar dist. 
must be 76^ 50' ; therefore, from X take a distance XP 
s76^ SO' towards the zenith ^ then P is the north pole, 
and PN the altitude of pole = latitude (p. 27). 
Now PN = PX+XN = 76° 50+6** 10" = 83° N. 

Prob. 138 (Fig. 84). 

Let AQ represent the celestial equator, AR the eclip- 
tic, and S the place of the sun, M the place of moon, P' 
the pole of ecliptic^ and FM, FS circles of latitude pass- 
ing through M and S. Draw MS an arc of a great 
circle ; then MS is the distance required. 

In the quadrants! triangle FMS are given, FM = 
90°— moon's latitude = 85° 5' 30", FS = 90°, and the 
angle F (the difference of longitude) = 112° 58' 45". to 
find MS. 

By Rule XVI., cos. MS = sin. FM . cos. F ; putting, 
over FM and F their proper signs (see Rule 14, Part I. 
p« 32), we find cos. MS is negative, 

hence MS =112° 53' 30", 

Peob. 139 (Fig. 85). 
Let Z be the first position of the ship^ and S the 
point arrived at after describing ZS, an arc of a great 
circle = 100', or 1° 40'. Through Z and S draw the 
meridians ZQ, SQ, meeting in pole P ; then the angle 
SZQ is the initial course = 45°, and the angle PSZ, or 
its opposite angle, is the course of the ship at S. To 
find this angle, we have in the triangle PZS the two 



IN A8TKOK0MT. 211 

sides (PZ the colatitude, and ZS the distance run), and 
the included angle PZS = 135^. Hence the angle at 
S may be found by Rule XIII. 

Pkob. 140 (Figs. 86, 87). 

In this problem it is not stated whether B is to the 
east or west of A. As the longitude of C depends on its 
position with respect to B as well as to A, there will be 
two solutions. (See figs. 86, 87.) 

Let A, B, C, be the three places ; then we have given, 
PA (the colat. of A) = 50°, PB (colat of B) = 40°, and 
AB = AC = BC = 20°, to find CP, the colat. of C, and 
angle CPA, the difference of longitude between A and C, 
whence the longitude of C may be found. 

(1.) In triangle ABP are given the three sides, to find 
the angle BAP = 51° 48'. 

(2.) In triangle BAG are given the three sides, to find 
the angle BAG = 61° 1' 30" ; hence the angle PAG = 
9^ 13' 30". 

(3.) In the triangle PAG are given, the two sides PA 
and AG, and included angle PAG, to find angle APG (the 
difference of longitude between A and G) = 6° 13' 30", 
and the side PG (the colat) = 30^ 23' 15". 

If G is to the east of A (as in fig. 87), 
then the long, of G = long. A + 6° 13' 30"=21° 13' 30" E. 

If G is to the west of A (as in 5g. 86), 
then the long, of G = long. A-6° 13' 30"= 8° 46' 0" E. 

PaoB. 141 (Fig. 88). 
Let T and R represent the places of the stars, G that 
of the comet, AEQ the ecliptic, and P the pole of ecliptic. 
Through the heavenly bodies T, G, R, draw the circles of 
latitude ; then CE = lat. of comet, and AE the longitude 
(A being the first point of Aries). 
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(1.) In triangle TPiR are given, the side PiT = 
90°+lat. = 95^ 28' 45", the side PiR= 90° — lat. = 
89'' 32' 30", and the included angle TPiR = difference 
of longitudes = 80° 3' 15", to find the third side TR = 
80° 8' 45". 

(2.) In same triangle TPiR are given the three sides, 
to find the angle P^TR = 88° 34' 45". 

(3.) In triangle RTG are given the three sides, to 
find angle RTC = 39° 32' 15". 

Hence the angle PiTG is known, heing the sum of 
the last two results = 128° 7'. 

(4.) In triangle PiTC are given, TPi = 95° 28' 45". 
TC = 40° 12', and included angle PiTC = 128° 7', to 
findPiC=118°0'15". 

Hence CE the lat. = 28° 0' 15" S. 

Lastly, in the same triangle PjTC are given the three 
sides, to find the angle TPjC (the difference of long, be- 
tween comet and Aldebaran) = 35° 6' 40". Hence the 
longitude = 67° 12' 15"+ 35° 6' 40" = 102° 18' 55". 

PaoB. 142. 

Let the fig. 

be projected on 
the plane of the 
merid. PEPiQ, 
Z the zenith of 
spectator, and 
H H^ the plane of 
horizon. Take 
HP = 54° 36', 
then P is the 
place of the ele- 
vated pole (p. 
27); through? 
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draw the diameter PPi, andEQ at right angles to it. Then 
PPi is the axis of the heavens, and EQ the plane of the 
celestial equator. Draw dd' parallel to the equator, 
at the distance from it equal to the sun's declination 
8° 30' N.^ and let S be the sun's place when twilight 
commences ; draw ZS, PS, arcs of great circles ; then 
S is 18° below the horizon, and ZS = 108°. In the tri- 
angle ZPS are given, ZS = 108°, colatitude ZP= 35° 24', 
and polar distance PS = 81° 30', to find the hour-angle 
ZPS = 9h. 14m. 16s. Hence twilight begins at 2h. 
45m. 44s. a.m., and ends at 9h. 14m. 16s. p.m. (the de- 
clination being supposed to remain unaltered). 

Pbob. 143 (Fig. 89). 

(1st solution.) Let X and Y be the places of the 
sun. at the times of the observations ; PX, PY, the polar 
distances, each = 66° 34'; and ZX, ZY, the zenith dis- 
tances = 50** 10' and 61°20'; and angle XPY = Ih. 30m. 
(the interval between the observations) . It is required 
to find PZ the colatitude, and thence the latitude* 
Draw XY an arc of a great circle. 

(1.) In triangle PXY, given PX. PY, each= 66° 34', 
and included angle XPY = Ih. 30m., to find XY = 
20° 37' 21": (Rule X. or XI.) 

(2.) In triangle PXY, given the three sides, to find 
angle PYX = 85° 28' 30". (Rule VIII. or IX.) 

(3) In triangle ZYX, given the three sides, to find 
angleZYX = 51°41'. 

(4.) Hence PYZ (= PYX-ZYX) = 33° 47' 30". 

Lastly. In triangle PYZ are given, PY, ZY, and 
included angle PYZ, to find the third side PZ = 30° 42' 
the co-lat. .'. latitude = 90°-30°42'= 59° 18'N. 

(2d solution [fig. 90]). Let X and Y be the placps 
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of the sun at the times of observation ; PX» PY« the 
polar distances (which in this solution is always sup- 
posed to be equal). Bisect XY in M, and join PM, 
ZM ; then PM is at right angles to XY, and therefore 
the angle PMZ is the complement of ZMX ; draw ZE 
perpendicular to PM. 

Let Oi, Os represent the altitudes at X and Y, h the 
half interval MPY between observations, d the decL, 
and / the latitude. 

Let MX or MY = ar, PM = y, ZE = ii, PE = v, 
.-. ME =^ y— v, ZM = z, and angle ZMP = tf. 

We have to compute the following arcs: (1) »; 
(2) y ; (3) II; (4) y— t; ; thence subtracting arc (4) from 
arc (2), V is known :* and lastly, knowing u and v in the 
triangle PZE, PZ the co-lat. can be found. 

In triangle PMY . . sin. x = sin. h . cos. d . . . . (1) 

sin. d = COS. y . cos. x •* . cos. y = sin. d, sec. « . . (2) 

In triangle ZME . . sin. ti = sin. . sin. z .... (a) 

cos. z = cos. (y — v) . COS. u 
.• . COS. (y — t;) = COS. z . sec. ti (fi) 

To eliminate sin. & and cos. z froin (a) and (jS)^ we 
have in the triangle ZMX and ZMY, 

rr^iTv - M 8i"« flt— cos. z . cos. X 

cos. ZMX or sin. tf = -. : 

sm. z . sm. X 

* If the great circle drawn through X and Y pass, when pro- 
duced, between P and Z, the perpendicular ZE will fell without 
the triangle PZM; in this case ME=v— y, and v is found by add- 
ing arcs (2) and (4) together. Or, since PE must evidently be 
less than 90% and the colatitude PZ is always less than 90** (un- 
less the latitude is nothing) ; consequently when MP+ME is eqtuU 
to or greater than 90% PE or v cannot be equal to MP+ME; 
hence v-^the differenoe MP— ME; or the difference of arcs (2) 
and (4) must in such case be taken. 
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----^- . . sin. 02—- CO8.0.CO8. « 

COS. ZMY or — sm. 6 = ; ; 

Bin. z . sm. X 

adding = sin. Hi+sin. at*-2cos, jzt.cos. j? 
• ' • 2 COS. z . COS. « = 2 sin. \{ai + Oj) . cos. I^ai—Os) 
or COS. xr = sin. t(^iH"^) • cos- K^i— ^a) • sec. ;p 

Again, subtracting, 

^ . ^ sin. ai"— sin. a« 
2sin. ^=-^ — - — '. — - 
sin. z . sm. X 

• * . sin. ^ = COS. |-(ai + a,) . sin.^(ai— -Oj) . cosec. z . cosec. j? 

Substituting these values of sin. 6 and cos. z in (a) 
and (fi), we have, 

sin. u = cos.i(fli+aj) . sin. i(«i— a,). cosec. x .... (3) 

cos.(y—i;)=8in.J(ai+fl,). cos. ^(fli—Oji). seed?. sec.tt (4) 

Lastly, in the right-angled triangle PZE, 
COS. PZ or sin. / = cos. u . cos. t;. 

From this solution is deduced the rule in Riddle's 
Navigation for finding the latitude by double altitude ; 
observing that in finding y we must take the supplement 
of the arc given by the tables when the lat. and declina- 
tion are of different names. 

From solution 1 is derived the rule for finding the 
latitude by double altitude given by Dr. Inman. This 
method is perfectly general, since it may be applied to 
the same or different heavenly bodies, taken at the same 
or different times. The rule obtained from the second 
solution is considered more concise when the same hea- 
venly body is observed, if its declination does not alter 
in the interval between the observations ; as when two 
altitudes of a star are taken. It will also give a near 
approximate latitude from two altitudes of the sun ; the 
declination in this case being supposed to remain inva* 
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liable, and to be taken out of the Nautical Almanac for 
the middle time between the observations. 

Prob. 144 (Fig. 91). 

Proceeding in a similar manner as in solution 1 of 
last problem, we find XY - 22*^ 42' ; PYX = 155° 38' ; 
ZYX = 89° 57' .• . PYZ = 65° 41' ; PZ = 63° 36' 53", 
whence latitude = 26° 23' 7" N. 

Prob. 145 a (Fig. 92). 

Let A and B be the two places in the same latitude, 
PA, PB, their meridians. Draw PD at right angles to 
AB, the great circle passing through the two places; 
then PD bisects the angle APB, since AP = BP ; and D 
is the highest point reached by the ship sailing on a great 
circle from A to B. Produce also the meridians to the 
equator UV, and draw the parallel of latitude ADjB. 

(1 .) In right-angled triangle APD. given PA = 56° 9', 
and angle APD = half difference of longitude between 
A and B = 68° 5', to find AD = 50° 23' 45" and PD 
= 29° 6' .-. lat. of D = 60° 54', and AB = 2.AD = 
100° 47' 45", or 6047*5 nautical miles, the distance be- 
tween A and B on a great circle. 

(2.) To find the distance AD^B on a parallel of lati- 
tude, we have (p. 124), 

ADiB = UV. cos. AU = diff. long, x cos. lat. 
= 8170 cos. 33° 51' = 6785 miles, 
whence the difference on the two circles = 737*5 nau- 
tical miles. 

Prob. 146 (Fig. 93). 

Let A and B represent the two places, PA and PB 
their meridians. Draw the perpendicular PD, then the 
latitude of D is the highest attained by ship. 
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(1 .) In triangle APB, given PA= 56° 9', PB = 34° 2^, 
and angle APB = 140° 27', to find the angle PAB = 

20°59'43" (Rule XIII.) . 

(2.) In right-angled triangle PAD, given PA = 56° 9' 
and angle PAB = 20° 59' 45'', to find PD = 17° 18' 45" 
.-.lat. ofD=72°41'15". 

Prob. 147 (Fig. 83). 

Project this figure on the plane of the celestial meri- 
dian of the place. Let P be the pole, £Q the celestial 
equator, Z the zenith, S the place of the sun below the 
horizon H^, PS a circle of declination, and ZS a circle of 
altitude. 

(1.) In triangle ZPS there are given, SP= 90° + sun's 
decl. = 100° 15', PZ the colat. = 39° 12'. and hour-angle 
P = 7h.. to find the third side SZ = 107° 24' ; whence 
107° 24'-90°=17° 24' the sun's depression. 

(2.) In the same triangle the three sides are now 
known, hence the angle PZS, the azimuth, maybe found 
= N. 84° 53' W. 

Prob. 148 (Fig. 94). 

Let X and Y represent the two stars on the same 
circle of altitude. It is required to find the azimuth of 
X and y, or the angle PZX. 

(1.) In triangle PXY. given PX = 73° 49', PY = 
61° 35' 34", and included angle XPY=3h. 8m. 278. (the 
difference of right ascensions), to find angle PXZ = 
65° 46' 15". 

(2.) In triangle PXZ, given PX, PZ (the colat), 
and angle PXZ, to find PZX = 104*» 55'; whence its 
supplement = S. 75° 5' W. the bearing required. 

Prob. 149 (Fig. 95). 
Let M and X represent the two bodies on the same 
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vertical circle ZM ; it is required to find PZ, the colat. 
of the place, and thence the latitude. 

(1.) In triangle PXM, given PX = 77° 14' 15", PM 
= 91"" 42^30", and included angle XPM =: 2h.d6m. 12s. 
(the difference of right ascensions), to find angle PMZ 
= 68° 23' 15". 

(2.) In triangle PMZ, given PM and ZM the moon's 
zen. dist.y and included angle PMZ, to find colat. PZ 
= 70° 4' 22", and therefore lat. = 19° 55' 38" N. 

PaoB. 150 a (Kg. 72). 

Suppose the heavenly body to rise at S and to pass 
the prime vertical at X, then PS = PX the star's polar 
distance ; and EX = star s altitude when due east =20°. 
Let a = alt. at X ; m = amplitude £S = 1 1° 15', 4^=lat. 
of spectator, and y = decl. of star. 

Then PS = PX = 90° -y. PZ = 90°-a?, and ZX 
5= 90°-fl. 

In quadrantal triangle PZS (Rule XVI.) 

sin. y = COS. x . sin. m (1) 

In right-an^ed triangle PZX (Rule XV.) 

on. y = sin. x . sin. a (2) 

• '. equating (1) and (2), 

sin. X . sin. a ^z cos. x . sin. m 

sin. X sin. m 

or =-; 

COS. X sm. a 

.*• tan. X = sin. m . cosec. a 

= sin. ll°15'.cosec.20° 

.'. a? = 29° 42' N. 

Pbob. 151 a. 
Describe fig. to Prob. 107; take a distance EX=10° 
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on the prime vertical, then X wiU be the place of the 
heavenly body vhen on the prime vertical, and m its 
place on the meridian* Let X£ = a, and mS = Oy, the 
given altitudes when due east and due south ; / = lat., 
and d = decl. Join PX ; in right-angled triangle PZX, 

cos. PX s= COS. PZ . cos. ZX 
or sin. d = sin. / . sin. a (1) 

Now / = ZQ = Zw+mQ = 9(f-ai+rf 

.-. rf=:/+o,-90° 
.*. sin.(/-|-«i— 90°)= sin. / . sin. a 
or sin. (/— 90®— Ci) = sin. / . sin. a 

. • • sin. / . COS. (90° — Oi) — cos. / . sin.(90° — flj) = sin . /. sin. a 

or sin. ai— cot. / . cos. Ui = sin. a 
•* • cot. / . COS. tti = sin. Oi— sin. a 

= 2 COS. i(oi+a) . sin. t(oi— «) 
and since fli = 40°, a = 10°, 

. • . cot. / = 2 cos. 25° . sin. 15° . sec 40° 
whence / = 58°31'N. 

PfiOB. 152 a (Fig. p. 25). 

Let X and V represent the places of the sun when 
due west and at six o'clock, a = DiV, the alt. at 6 
o'clock ; fli = WY, alt. when on prime vertical ; 

.;. ZV = 90°-o, and ZY = 90° -Hi 

Let X =z lat., and y =: decl., then PZ = 90°— d?, and 
PV = PY = 90°-y. 

(By Rule XV.) 

In tri. ZPV, cos.(90°-fl) = cos. (90° -y) . cos. (90°— x) 

.*. sin. a = sin. y. SID. J? (1) 

In tri. PZY, cos.(90°-y)=cos.(90°-a:).cos.(90°-a,) 

•* . sin. y = sin. x . sin. Oi (2) 
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Multiplying (1) and (2) together, and cancelling, 
we have, 

sin. a = sin.^j? . sin. Oi, or sin.^rr = sin. a . cosec. Ui 

which formula determines x; and dividing (1) by (2), 
we have, 

sin.^y = sin. a . sin. Oi 
whence y may be found. 

Prob. 153 a (Fig. p. 25). 

Let V and D be the places of the body at 6 o'clock 
and when setting ; join PD ; then in the triangles PDZ 
and PVZ are given, DiV the alt. at 6 o'clock, and DZP 
the complement of the amplitude, to find the latitude 
and decl. 

Let a = alt. DjV at 6 o'clock, m = amplitude WD, 
X = lat. = 90°— PZ, y = decl. = complement of PV or 
PD. 

Then in triangle PDZ . . sin. y = cos. a? . sin. m. . (1) 
„ „ PVZ ; . sin. a = sin. y . sin. a? . . (2) 

Multipljdng, and cancelling, 

sin. a = sin. x . cos. x . sin. m = \ sin. 2x . sin. m 
.' • sin. 207 = 2 sin. a . cosec. m 
whence 2x = 84®, or 96** (the suppl.) 
and X = 42°, or 48° 
Substituting these values of a? in (1), we have 

y = 22° 20* or 20°. 

Prob. 154 a (Fig. p. 25). 

Let V and D be the places of the body at 6 o'clock 
and when setting ; join PD. 

Let h = hour-angle DPZ when setting, a = alt. DjV 
at 6 o'clock, a? = lat. = 90°— PZ, y = decl. = compl. of 
PD or PV. 
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Then (Rules XVI.. XV.). 

COS. h ^ — tan. y . tan. x (1) 

sin. a = sin. y . sin. x (2) 

From (1) 

sin. y . sin. x sin. a ^ ^. 

cos. A = ^ = (by 2) 

cos. y. COS. i? COS. y. COS. ^ 

• *. cos.y . COS. 0?. COS. h = — sin. a 

and COS. y. COS. x = —sin. a . sec. h 

But by (2) . . sin. y .sin. x = sin. a 

Adding and subtracting, we have 

COS. a?.cos. y+sin. J7.sin. y = sin. a.(l— sec. h) 
cos. j^.cos.y— sin. a?.sin. y = sin. a.(l+sec. h) 

or COS. (jv-'y) = sin. a . (1 —sec. h) . (3) 
COS. (j?+y) =— 8in.«.(l+sec.A). (4) 

To reduce (3) and (4) to a logarithmic form. 

, . . ,, 1 \ sin.a.fcos.A— 1) 

COS. (if— y)=8m. a.(l -. )= ^ • 

COS. A/ COS. A 

= —2 sin, a . sin.^ -. sec. h (5) 

, . . „ . 1 \ sin. «. (cos. A+1) 

co8.(iF+y)=— sin.a. (IH : )= j - 

^ ^^ ^ COS. h) cos. h 

= — 2sin. a.cos.^- .sec. h (6) 

From equations (5) and (6) the values of x-^y and 
f -hy n^&y be determined, and thence x and y. 

Prob. 155 a (Fig. p. 25). 

Let h = hour-angle at setting, as at D, \ = hour- 
angle at Y on prime vertical, x = lat., y = decl. 

Then cos. h = —tan. x . tan. y (1) 

cos. hi = cot. X . tan. y (2) 



222 S0LT7TI0NS OF PROBI4BM8 

Dividing(l)by(2).^*=-^=-tan.^, 

or tan.^ «r= —cos. h . sec. h ; which equation determines 
the value of a?; and multiplying (1) and (2) together, 
we have tan.^y = —cos. h . cos. ^i, whence the declina- 
tion can be found. 

Prob. 156a (Fig. p. 25). 

Let h = hour-angle at setting, ^i = liour-angle when 
west, t = interval . • . ^ = A— Aj, rf = decL, j? = latitude, 
cos. t = cos. (h—hi) = COS. ^.cos. Ai+sin* ^ • s^* ^1 W 

By Rule XVI. . . cos. h = —tan. x . tan. d (2) 

. . . . XV.. • COS. ^1= cot. s .tan. d. (3) 

Multiplying (2) and (3). . cos. h . cos. Aj = — tan.^ d 

or 2 cos. h . COS. hi = —2 tan.^rf 

Subtracting equation (1) from this equation, 
COS. h . COS. hi — sin. h . sin. Ai=— cos. ^— 2tan.2el 
.". —COS. (h+h^ = COS. ^+2 tan.^rf 

This equation determines the value ofh-{-hi, the sum 
of the hour-angles ; having this, and the di£ference, the 
angles h and hi, and thence the latitude x, may be found. 
The operation is as follows : 

To find value of —cos. {h+hi) = cos. t+2 tan.^rf. 
tab. log. COS. t = 9-864304 .'. log. cos. t =1*864304 

.-. COS. ^ = •73165. 

To find value of 2 tan.^ d, 
log. (2 tan.2 d) = log. 2 + 2 log. tan. rf— 20 =T-423162 

.•.2tan.2rf=-26495 
— COS. (h+hi) = •73165+*26495=*9966 
angle corresponding to log. of this in tables = 0^ 18°^ 54'. 
Now, since the cos. (h+hi) is negative, the value of 
A+^ must be either 12^— 18" 54' or V2^+ 18'" 54". 
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that is *+ Ai = 1 1* 41" & or 12>» 18" 54" 
and since h-^hi = 2 51 54 „ 2 51 54 
.-. 2^=14 33 or 15 10 48 
andA= 7 16 30 „ 7 35 24 
With the first value of h the lat, = 42° 
other =48 nearly. 

Prob. 157a (Fig. p. 25). 

Let Z = angle PZV, the azimuth at six o'clock; 
m = amplitude WD, d = decL, / = lat. ; then 

Rule XVI sin. d = cos. / . sin. m 

.... XV cos. / = cot. d . cot. Z 

Multiplying, sin. d . cos. / = cos. / . sin. m . cot. d . cot. Z 
. * . sin.^ d = sin. m • cot. Z . cos. d 
or 1 — cos.^ d = sin. m . cot. Z . cos. d 
whence cos.^ ef+sin. m • cot. Z . cos. c? = 1 

Completing square, and extracting the root, 

COS. d = — ^ sin. m . cot. Z + J ^/sin.^ m . cot.^ Z +4 
=— 0K)6224+100193 = '93969 
.'. tab. log. COS. d= 9-972984 .-. rf= 20® 
and thence / may be found. 

Prob. 158 a (Fig. p. 25). 

Let a = altitude at 6 o'clock, m = meridian altitude, 
d and / the decl. and lat. 

Then since lat. (QZ) = mer. zen. dist. (Zm) + decl.(mQ) 
(see construction of fig. to Prob. 107) 

or /= 90°— w+rf .'. d = /+m— 90° 

.-. sin. d= sin. (/+m-90°) = -sin. (90°-/+ w) 

= —cos. (/+w) 
But sin. a = sin. /.sin. d = — sin. /. cos. (/+m) 
or 2 sin. /. cos. (l+m) = —2 sin. a 



224 SOLUTIONS OF PROBLEMS 

.". sin. (2/+W)-— sin. m = —2 sin. a 
or sin. (2/+m) = sin. m— 2 sin. a. 

Calculation, 

log. sin. m 7-945935 .'. nat. sine 0*88295 

„ sin. a . . . . r405141 .". nat. sine .... 0*25418 

.". sin. m— 2 sin. a =: 0*37459 = nat. sin. (2/+w) 
.'. tab. log. sin. (2/+m) = 9*573556 
.-. 2/+m = 158° (suppl. of 2*2°) 
whence / = 48° N. 

PaoB. 159 a (Fig. p, 25). 

Let a = meridian alt., h = hour«angle at rising or 
setting, d = decl., / = latitude. 

.-. d = /— mer.zen. dist. = /— 90°— a = /+a— 90°. 
In triangle FZD . . cos.^= —-tan. d . tan. I 

= —tan. (/+a— 90°) . tan. / 
= — tan.— (90°— /+a) .tan. / 

= tan. (90°— 7+a) . tan. / 
= cot. (/+a) .tan./ 
co8.(/+a).sin./ 
"~ sin.(/+<z).cos./ 
COS. ^+1 C08.(/+g)»giP'/+sin. (/+g).cos. / 
cos. ^— I "" COS. (/+fl) .sin./— sin.(/+a) .cos. / 

^''°^-^2 sin.(2/+fl) 

or • 1 = : 

^ . o^ — sin. a 
— 2sin.^ - 

.• . cot.2 - . sin. a = sin. (2/+ a) 

whence 2/+« = 29° 13', or 150° 47' (its supplement) 
Taking this last value, 

2/ = 94° 47' .*. / = 47° 23' 30" 
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To avoid the^ ambiguity arising from obtaining the 
value of 2/4- a in terms of the sine, let z = 90°— fl the 
zenith dist., then d= l^z 

/. cos. h = —tan. d . tan, / = —tan. (l—z) . tan. / 

^ — 2sin.(/— jg).8in./ _ cos. (2/--g)— cos, z 
"^ 2 COS. (/— xr) . COS. / "" cos. (2/— xr) + cos. z 

cos. h+l COS. (21— z) 

COS. A— 1 —COS. z 

or COS. (2/— jr) = cos. z . cot.^ - 

from which equation the value of / may be obtained free 
from ambiguity. 

PaoB. 160 a (Pig. p. 25). 

Let h = hour-angle at setting 
^^ = . . . . when west. 

By Rule XVI cos. h = —tan. / . tan. d 

.... XV COS. h^ = cot. / . tan. d 

adding, cos. h + cos. \ = (cot. /—tan. I) . tan. d 

subtracting, cos. A— cos. A^ = — (tan. /+ cot. /) . tan. d 

COS. A+cos.A^_ cot. /—tan. / 

°' COS. A— COS. A^ tan. /+cot. / 

COS. A+cos. h. cot. /—tan. / 

or ■ — zzz — — — ^—^ 

—(cos. A— COS. \) tan. /+cot. / 

2 cos. i(h+h) . COS. i(A— A,) _ 1— tan.g/ _ 

' ' • 2 sin. i(A + h) . sin. i(A- A,) "" tan.2 /+ 1 ~ ^^' 

or cot. i{h+\) .cot. i(h—h^) = cos. 2/ 

.•. cot. ii^+hj) = cos.2/.tan.i(A— A^) 

which equation determines i(h+h^, and with i(h-~h) 
already known, the angles k and h, may be found, and 
thence by Rule XV. we can find c/« 
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PaoB. 161 a (Pig. 96). 

Suppose the heavenly body to rise at S, and to de- 
scribe the parallel of declination SX. Let a circle of 
altitude ZO touch the parallel SX at X; then X is the 
^oint where the azimuth is the greatest; the azimuth 
increasing from the point S. where the heavenly body 
rose, to X, and beginning to decrease after passing X. 
The angle PXZ is evidently a right angle ; whence the 
required azimuth, hour, and altitude may all be found 
from the right-angled triangle PZX. 

(1.) To find greatest azimuth PZX. 
cos. d = cos. / . sin. az. •' • sin. az. = cos. d . sec. / 

(2.) To find the hour-angle ZPX, or h. 
cos. h = cot. d . tan. /. 

(3.) To find altitude XO or a. 
sin. / = sin. d . sin. a . ' . sin. a = sia./ . cosec. d 

Peob. 162 fl (Fig. 96). 

The preceding problem furnishes an explanation of 
the fact, that when the sun's declination is greater than 
the latitude of a place, and of the same name with it, 
the shadow of an upright object on a horizontal plane 
goes backward each day during a certain period, which 
may be computed, as well as the arc through which it 
goes back. 

At the point X the sun appears stationary in azimuth. 
PZS is its bearing when rising 

PZO at point X. 

The angle SZO or arc SO will therefore denote the 
number of degrees the bearing has increased from sun 
rising, or that the shadow of the object has gone back ; 
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and the peiiod during whicli the retrograde motion has 
taken place will be measured by the angle SPX. 

{1.) To find bearing PZS at rising. 

In triangle PZS> sia. d =r cos. /.cos. PZS 
whence PZS = 64° 55' 30" 

By last prob. PZX = 77 28 

• *• shadow goes back =12 32 30 

(2.) To find hour-angle ZPS at rising. 

- + + 

In triangle PZS, cos. ZPS ^^ — tan. I . tan. d 

:. ZPS = 6b. 36m. 22s. 

by last. prob. Z?X = 2 12 7 

.'. time of shadow's going back =c 4 24 15 

PaoB..163a(Fig. 97). 

(1st solution.) Let S and M be the respective places 
of the sun and moon at the time of observation ; d and 
-^d the decl. of sun and moon respectively ; that of the 
moon being taken negatively, since the bodies are on dif- 
ferent sides of the equator ; h and h^ their hour-angles. 

Then h—\= Ih. 53m. 42s. 

In triangle ZPS, cos. A = — tan. / . tan. (/ (1) 

In triangle ZPM, . cos. h, = —tan. / . tan. (— <y 

= tan. /•tan.d^ (2) 

j»- •;»• /rt\ 1, /i\ cos. A, tan. rf, 

dividmg (2) by (1), r=— r v 

^ cos. A —tan. a 

cos. h -f cos. h tan. cT— tan. d 

or ■ = — ■ :; 

COS. A^— COS. h tan. d^+tan. d 

2 Gos.-J-(A^-|- h) . COS. iih^—h) sin.(^.cos.rf— cps.(^.sin.(/ 
— 2sin.i(A,+A).8in4(A,— A) sin^/COBui{—co8^,.8in.i/ 
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or _oot.KA.+A).cot.KA-A)='£;^ 

.'. cot|(A^+ h) = — 8in.(<^— rf).cosec.(<^+ (0.tan.|(^^— A) 

whence i(h^ +h) = 5b. 53m. 29s. 

and since Hh-^h) = 56 51 

.% A = 6 50 20 
hence app. time= 12h.— 6h. 50m. 20s. =5h. 9m. 40a. a.m. 

To find lat. /. ^ ^4. 

COS. h = —tan. / . tan. d 
or tan. / = cos. h . cot. d 
.\ / =50° 18' 20" N. 

(2d solution.) More easily, thus : 

(1.) In triangle PMS, given PS, PM, and included 
angle SPM, to find angle PSM = 128° 33' 30". 

(2.) In right-angled triangle NPS, given PS and 
angle PSN (supplement of PSM), to find lat. NP = 
50° 18' 20" N. 

PaoB. 164 a. 

Let h and h^ denote the hour-angles of the sun at 
rising or setting at the two places : then since it rises 
and sets at the same instant of absolute time at the two 
places, the difference of the hour-angles h and h^ arh—h, 
must be equal to the difference in their reckoning of 
time, or- to their difference of long, (in time) = 28° 46'. 

Let / and — /^ denote the latitudes of Dublin and 
Pemambuco : the latitudes being affected with different 
signs^ since the places are on opposite sides of the equa- 
tor. 

Then cos. A =— tan. /.tan. tf (1) 

cos. h^ = —tan. (—/J . tan. d = tan. /, . tan. rf . . (2) 
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COS. A, tan./ co8.^,-hco8.A tan.r— tan./ 

^* * — or z^ 

COS. A —tan.// cos.A^— cos.^ tan./^+tan./ 

COS. i(A^+^) . COS. j^(A^— A)_ sm.(/^— /) __ — 8in.(/~/^) 

•'• -8m.i{A,+ A).8in.i(A -*)""sin.(/,+0" sin. (/+/,) 

or cot J(^^+A) = — 8in.(/— /^).cosec.(/+^).tan.|^(^— ^^) 

This equation determines half the sum of the hour- 
angles = 101° 4(y 30", and thence, with h—h^ ahready 
known, the values of h or h^, and by (1) the declination 
d = l8P 6'. Then the days on which the declination of 
the sun is the value of d thus found will be those re- 
quired. 

Paob. 165 a. 

Let O be the center of a square ABCD, each of 
whose sides is 300 feet ; draw obelisk OP perpendicu- 
lar to the plane of ABCD, and make it equal to 60 feet ; 
join AO and AP ; then the angle PAO measures the alti- 
tude of the sun when the shadow AO of obelisk reaches 
to A the comer of the square. 

To find the angle PAO. 
Draw 0£ perpendicular to AD ; then 
AE = EO = iAD = 150 feet. 
.-. AO = AE>/2 = 150 V2. 

«A^ OP 60 6 /« ^^2 ^ ,^ 

and tan. PAO = -— == --7— 7- =— >/2==-t-= '2 \/2 

AO 150 '•2 30 5 

whence angle PAO = 15° 47' 30", the sun's altitude. 

Prob. 166 a (Fig. 98). 

Let ZQH represent the celestial meridian, H the 
horizon, Z the zenith, Q the equator, S' and S the places 
of the sun on the longest and shortest days. 
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Then ZQ = lat. (s), and QH = 90° -af 
SQ = S'Q = d«cl. (d) = 23° 28* 

Let NO (the shadow oi object PN when sun is at 
S')^f; then NC (its shadow when at S) s: 7y. 

Now angle NPC or arc ZS = ^-^-d 
and angle NPG or arc ZS' = x^d 

In triangle NPC. •7y = PN.tan.NPC=PN.tan.(«+(0 
.. .. NPG.. y = PN.tan.NPG=PN.tan.(j?-(f) 

« .J. ^ tan. (j?+<0 8in.2jp-f8in.2d 

dividing.. 7 = ^ J — ^=-r-75 ^-^rj 

tan. (dP— a) 8in.2jF— siiu 2a 

8 4 sin. 2x . « 4 . _ , 

.•. -or- = -: — --; or sin. 2d? =- sin. 2a 
6 3 sm,2d 3 

whence x = 38° 27' 45" = lat. 

Paofl. 107 a (Fig. 08). 

Let NG = X, NC=y, /=lat, rf= decl. 
then x=z PN . tan. (/-d), y = PN . tan. (Z+rf) 

y _ tan, (l+d) sin. 2^-f sin. 2rf 
*^ ' J? "" tan. (/— cO ~ sin. 2/— sin. 2rf 
_ sin.9Q°+8in.8(f _ l+i _3 
"" sin. 90°-8in. 30°"" 1— i I 
or y : df : : 8 : 1. 

Pbob. 168 a. 

In fig. 98, if S' be the place of the sun, and NG the 
shadow of object PN, then 

PN 3 

— — = - = tan. PGN = tan. sun's alt. = '6 
NG 6 

.\ log. tan. alt.«9-778161 .:. alt. « 30° 58'. 

Then in triangle PZX (fig. 78)» the three sides are 
given, viz. PZ = 56° 30', PX = 79° 46', and ZX = 52° 2', 
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to compute the hour-angle ZPXj^ or hi h^j^ce, ^7= 
ah. 58m. 4s. 

Prob. 169^ a (Fig. 99). 

Let AB represent the shadow of perpead^e<iil«iv stick 
AIX and AG its shadow whe^k the stick Is placed in the 
position AT perpendicular to ray S6, in which pofsitioa 
it will manifest^ throw thQ greatest shadow. Now the 
distance of S is so great coxppared with BC that the 
angle BSC has no assignahJte magnitude, and the rays 
SB, SG may therefore be considered parallel, or the 
angle ABD=; angle ACT= sun^s al13t^de re(juired. 

In triangle ABD . . AD = AB • tan. alt. =3 4 tan. alt. 
In ATG . . AT = AD = AG . sin. alt. = 5 sin. alt. 
• ' • 5 sin. alt^ = 4 tan. alt. = 4 sin. alt. . sec. alt. 
,\ sec. alt. = ^= 1*26 
log. sec. alt. = 10-096910 
.•• alt. = 86^ 52' 15". 

■ 

PaoB. 170 a (Fig. 1QQ> 

Let A be the observer, B the sl^adow of cloud, G and 
D the place of cloud and sun. Since the distance AB 
will subtend no sensible angle at the sun, the rays AD 
and BD may be considered parallel, and angle GB£ = 
DAB= sun's alt. = 22°, and the angle of elevation of 
doud = 20°. Therefore ACB = 2°, 

IntriABC ^^ __ 8in^° , Ag.sjn. 20° 

Intn.ABC.. — --^^^ . .BG = ~^j^-^ 

In right-angled triangle GBE. . GE = GB . sin. 22° 
.-. GB = AB . sin. 20°. sin. 22^. oosec. 2° = 1468. 

Pbob. 171 fl (Fig. 101). 
Let k denote th^ hour-angle of the sun at rising, or 
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half the length of the day ; and since the meridian alti- 
tude is less than the latitude^ the declination must be 
of a different name to latitude, or south. 

In quadrantal triangle PZS, 
COS. h = —tan. / . cot. (90°+^ = tan. /. tan. d = teon.d, 
since tan. / = tan. 45° = 1. 

.!• COS. h = tan. (z—l) li gv=i zen. dist. 
___ tan. 2— tan. /__ tan. 2?— 1 
"" l + tan.2?.tan. /"" tan. «-f 1 

COS. A+l ^ 1+C08. A 

'=— tan. « or r r = tan. z 



• . • 



COS. A— 1 1— COS. A 



• \ cot.^- = tan. z = cot. alt. = cot. 30° = V3 

hence cot. - = ^^3 and tan.- = -rrr 
2 2 ^3 

Paob. 172 a. 

Let z = zenith dist. .*. z =121 
and (fig. 66) z=:l+d :. 21= l+d or I = d. 

In triangle PZS (fig. 101), 

COS. h = —tan. / . cot. (90° +d) 
= tan. /.tan.(f = tan.^/ 
.-. tan.3 / = COS. 7h., whence / = 26° 58'. 

Prob. 173 a (Fig. p. 25). 

Suppose D2 the place where the sun rose ; draw PD2 
and ZD2 ; let A = hour-angle, and z = meridian zenith 
distance, / = lat., and d = decl. Then 

cos. A = — tan. / • tan. d = —tan. d since / =3 45° 
but d=zl—z .•. COS. A=:— tan. (/— ^) 

^ tan. /—tan. j? __tan. ar— 1 
"" l+tan./.tan.ar"'tan. jf-f 1 
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COS. A+1 

or -_ — - = —tan. j? = — cot. alt. 

COS. A— 1 

.-. cot. alt = cot.2- = cot.2 60°= - 

2 3 

.'. tan. alt. = 3. 

Pbob. 174 a (Fig. 102). 

Let S^ be the apparent place of the sun when its 
tipper limb touches the horizon, S its apparent place 
when lower limb touches horizon ; then angle S^S mea- 
sures the time elapsed between the upper and lower limbs 
being in horizon. 

s;ps = ZPS -ZPS. 
(1.) In triangle ZPS,, given ZP = 40°. ZS, = 90° 16*, 
and PS, = 84° 22' .-. angle ZPS, = 6h. 28m. 4ls. 

(2.) In triangle ZPS, given ZP=40°, ZS = 90°- 16* 
= 89° 44', and PS = 84° 22' .-. ZPS = 6h. 25m. 22s. 

.-. angle SJPS = 3m. 19s. 

PaoB. 175 a (Fig. 103). 

Let AB represent the arc of the parallel of ded. 
described by sun's center, P the pole of the heavens ; 
then considering the triangle APB as a spherical triangle 
(which may be done in this case, since arc AB being 
small does not differ much from the corresponding arc 
of a great circle), we have the three sides of APB given 
to find the angle P, the time of semidiameter passing 

meridian. Now (2W^. Part IL p. 64) 

p . 

sin.'- » cosec. AP. oosec. FB .ain.^ (AB+AP*-PB) .8in.^(AB>^AP-FB). 

= cosec.2 AP . sin.2 AB since AP = BP 

P 

.*. sin. — = sec. d . sin. 8' %*^^ 

and P = Im. lis. nearly* 
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Or thus : Let AB represent an bxq of Sk small circle 
equal in length to the sun'b 8emidjamete:r» A the sun's 
center. Through A and B draw circles of declination 
PU, PV, cutting the equator in U and V ; then the 
time of the point A describing the arc AB will be mea- 
sured by the arc UV, or the angle UPV- 

Now (TWy. Part II. p. 85) 

UV = AB . sec. AU = la' n-S^-sec. d 

977*3 
or arc UV (La tiioe) ^-—^^^mc. d « Im. 10*22& 

15 

(this is independent of the sun's apparent motion from 
west to east). 

Pbob. I7e • (Fig. J(M). 

Let A be the first station of ship, B the second, and 
C the point of land. 

(1 .) In triangle ABC, given ABm (^ miles, angle CAB 
(the difference of bearing between C and B) = 2 points, 
and angle ACB =; 4^ points, to find AC^ 

(2.) Draw AD due east, and CD at right angles to 
it, then CD = difference of latitude between A and C, 
and (considering ADC as a right-^gled plane triangle) 
CD = AC . sin. CAD = AC . sin. 4 points = 5' 15" 
.% lat. of C = 59°6'+5' 15"= 69° 11' 15" 
also (the triangle ADC being isosceles) AD = 5' 15''. 

To find the difference of longitude between A and C, 
we have (p. 160) AD = diff. long. . cos. lat. A, whence 
diff. long. = lO* 18" B. 

.-. long, of C= 6° 15"+ lO* 13"= 6<* 25' 13* E. 

PaoB. 177 a (Fig. 97). 

Let S and M be the places of sun rising on the 
longest and shortest days. 
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k = hov-aD|^e of sun at S» 

h,= M; 

then 2 (A— A^) = difference in length of day. 

In triangle ZPS . . cos. h = —tan. d . tan. /"...... (1) 

ZPM. .co8.A^=+tan.rf.tan./ (2) 

.V cos. h =? —COS. A^= co». (I2h. — hy 

.\ h = 12-A, 

or A— A^= 12— 2A^=J difference required. 

Now in (2), cos. A^=tan. d. tan. /=tan. rf, since /= 45°. 

Calculation. 

log. tan. (/.... 9'637611 := log. cos. A^ 
.-. A^= 4h. 17m. 5s., aud 2A^ = 8h. 34m. 10s. 
;. A-A^ (= 12-2A^) = 3h. 25m. 50s. 
and difference in length of days = 6h. 51m. 40s. 

Prob. 178 a (Fig. 97). 

Let A = hour-angle of the sun at S, 

A, M .-. A=A^+3. 

In triangle ZPS cos. (A^+ 3) = —tan. d . tan. /. . (1) 

ZPM cos, A,=:tan. rf. tan. / (2) 

.'. COS. (A^+3) = —COS. A^ = COS. (12— A^) 

.-. A + 3 = 12 — A, or A, = 4h, 30m. 

whence, by (2), / = 46'^ 46'. 

Pbob. 179 a. 

Let A and A^ be the hour-angle ; then A— A^= Ih. 
d and d^the decl. at these times, viz. 20° and 10° 

then cos. A =s ^tan. /.tan. d (1) 

COS. A^= —tan. /.tan. d/ (2) 

COS. A tan. (/ cos. A+cos. A. tan. (/+tan. (/, 

,*, =: or : — - * 

cos.A^ tan. (/« cos. A— cos. A# tan. <^— tan. (/^ 
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2 COS. ii^+h^) . COS. ii^'-h) _ sin, (d+d) 
°' -2sm. K*+*.) . sin. i(A-^,)" sin. (rf-rf,) 

sin. 30** 
.-. — cotK^+Aj .cot U^—hj) = g^^ ^Qo 

.-. -cot. ii^-^K) = tan. 7° 30'. sin. 30° . coeec. 10° 
whence ^A+A^)= 7h. 23m. 3s. 
and i(h'^h;)= 80 

.-. A=7 53 3 

with this value of h, the lat. (by 1) = 52° 27' N. 

PaoB. 180 a (Fig. 97). 

Let h be the hour-angle of sun at S, 

h, M .:.h = Sh, 

then cos. h = —tan. /.tan. d (1) 

cos. A^= +tan. /.tan. d (2) 

.*. COS. h =— COS. h^ = COS. (12h.— A^) 

.-. A=12-A, or3A=12-A, .". 4A = 12 

and A = 3 hours ; whence, by (2) / = 68° 27' N. 

Prob. 181 a. 
Let h and h^ be the hour-angles, 

then n=-rh 
o 

and COS. h = — tan. c/.tan. / 

COS. A^=tan. i.tan. / 

.*. COS. A=— COS. A^=cos. (12— AJ 

.-. A=12-A=12-^A 

.*. -r =12 and A = -— = 7h. 30niu 
5 8 

with this value of h the lat. = 41° 24' N. 
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Peob. 182 (Fig. 105). 

Let A be the place sailed from, B the place arrived 
at ; the arc AA^ = arc A^ = a, and BG = b ; £Q the 
arc of equator between meridians of A and A^. 

Let X = lat. of A ; then x—a = lat. of B. 
Trig. Part II. p. 85, 

AA, a ._ 



COB. (j?— a) cos. X 
b COS. («— a) _ COS. X . cos. a+ sin, x . sin, a 
a "" X50S. X COS. J? 

= COS. a+tan. x . sin. a 

b 

— COS. a 

a 

.', — : = tan. X. 

sm. a 

Calculation, 

b = 150, a = 100. 

l-5-cos.l°40' 

tan. X = : — 7o"t;v — 

sm. l"* 40 

log. COS. 1° 40'. .1-999816 .-, cos. 1° 40*. . -9994 

l'5-'9994 

sin. 1° 40' 

.\ X or lat. A = 86^40' 30" N. 

difference of lat. = 1 40 S. 



tan. a; = ,^ -o ././ = '5006 . cosec. 1° 40* 



lat. of B required = 85 30 N. 

PaoB. 183 (Fig. 106). 

Let XZ be the apparent zenith distance of sun 

SZ true 

O the object whose bearing is required. 
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(1.) First suppose O to be the horizon. 

In quadrsmtal trianf^e ZOX tiiere are given, OX the 
jobserved diBtaiue of ob|eet from cmn, ZX the observed 
zenith distance, and OZ=9(f, to ^ad the angle OZX. 

(2.) In triangle PZS are giT^en, PZ Hhe oo-laL, PS 
the polar distance of sun, and ZS the true zenith diet., 
to find the true bearing of sun, or the angle PZX. 

The sum or difference of the two angles thus found, 
according to the position of the object with respect to 
the sun^ will be the bearing PZO of object required. 

Calculation. 

(1.) To find angle OZX. 
app. alt. sun^ 1. 1. . . 10* 30' (T 
index corr. 60— 



10 29 iO 
semi 15 45 



10 44 55 
3 41 



dip 

app. alt 8un*s center 10 41 14 
cor. for refraction, &c. 4 60 

true alt. sun^s center 10 36 24 



(2.) To find PZS. 

lat 7''5r 0" 

tr. alt 10 36 24 



2 45 24 
poLdist... 112 24 

115 9 24 
109 38 36 



ob. di8t.ii.l 95^6' 0" 

in. cor.. . . . • . ^ .^ 1 lOf 

95 17 10 
semi 15 45 

OX 95 32 55 

In quadrantai triangle 2^0, 
C06. OXssin. ZX.coB. OZX 
or _ + _ 

£08. OX . sec. ap. alt.= cos. OZX 

cos. OX 8-985491 

sec. A alt 0*007600 

180° 0' 

84 21 . . . 8-993091 

OZX= 95 89 

0004089 
0-007487 
4-926411 
4-912410 

9-850397 
.-. PZS 114° 39' 30" 
and OZX 95 39 



bearing of point . . N. 19 30 W. 
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(2.) In the preceding example suppose O to be the 
summit of a mountain whose elevation is 10°; it is re- 
quired to find the true bearing of the point O. In the 
preceding calculation, to find angle OZX we must sub- 
stitute the zenith distance (80°) of the point O for the 
quadrantal arc OZ in last example. We have then three 
sides given of the triangle OZX, to find as before the 
angle OZX. 

Calculation. 



ZO. 

zx. 


.80° 0' 0" 
. 79 18 46 


ozx . 

andPZS 


0006649 
0007594 


ox. 


41 14 
. 95 32 55 


4-871860 
4-867153 




96 14 9 
94 51 41 


9-753256 
... 97° 39' 
3.. 114 39 



bearing of mountain . . N. 17 W. 

PaoB. 184. 
The solution of this problem is given in pp. 47-49. 



THE END. 
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